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Abstract. We construct four binary consequence systems axiomatizing entailment relations be-
tween formulas of classical, intuitionistic, dual-intuitionistic and modal (S4) logics, respectively. It
is shown that the intuitionistic consequence system is embeddable in the modal (S4) one by the usual
modal translation prefixing � to every subformula of the translated formula. An analogous modal
translation of dual-intuitionistic formulas then consists of prefixing � to every subformula of the
translated formula. The philosophical importance of this result is briefly discussed.

§1. Introduction: the philosophical importance of modal translations. Accord-
ing to the well-known Brouwer–Heyting–Kolmogorov interpretation of intuitionistic logic
based on the notion of proof, the intuitionistic truth of a sentence can be identified with its
provability1 (see., e.g., Troelstra & van Dalen, 1988, p. 9). Kurt Gödel (1933) essentially
made the same point through his famous translation of the formulas of intuitionistic logic in
those of the modal logic S4 with the necessity operator (�) interpreted as provability2. The
translation then consists of prefixing � to every subformula of the translated intuitionistic
formula.

Melvin Fitting (1970) showed that S4 also presents a suitable framework for a modal
translation of classical logic by placing �� before every subformula of the translated
classical formula. Intuitively, this translation means that classical truth may be replaced by
provable consistency (Fitting, 1970, p. 529), thereby revealing some important accents in
the informal understanding of asserted sentences.

Thus, it seems quite natural to suppose that the expressive machinery of a modal trans-
lation can be of some help in the intuitive elucidation of formulas in other nonmodal logics
as well. Specifically, the so-called dual-intuitionistic logic should be of interest in this
respect. A modal interpretation of this logic could be all the more instructive if it could
take into account a kind of ambiguity that sometimes occurs by the very representation of
“dual intuitionism”, which is often dealt with not as a separate logic system of its own, but
as a part of a wider “bi-intuitionistic” context.

Bi-intuitionistic logic, also referred to as Heyting–Brouwer logic or subtractive logic,
is the result of extending the intuitionistic language with certain “dual operators” (see,
e.g., Rauszer, 1974; Wolter, 1998; Goré, 2000; Pinto & Uustalu, 2010). The key among

Received: October 24, 2014.
1 A further question, whether intuitionistic provability should be considered in an “actualist” or

“possibilist” sense, is ignored in this work; the reader is referred to (Raatikainen, 2004; Shramko,
2012) and the references therein.

2 In his original paper, Gödel labeled this operator with the symbol B (for “beweisbar”,
i.e. “provable” in German).
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such operators is the connective of “coimplication” (�−)3, the dual to intuitionistic im-
plication (→). The duality between → and �− is usually justified algebraically by es-
tablishing a full symmetry in Heyting algebras and observing that “[w]hereas implication
is the residuum of conjunction, coimplication is the residuum of disjunction” (Wansing,
2010, p. 488), (cf. Wolter, 1998, p. 353–354)4. This kind of explanation presents some
grounds for a viewpoint like that expressed by Luís Pinto and Tarmo Uustalu, who claimed:
“Bi-intuitionistic logic can also be seen as the union of intuitionistic logic (lacking exclu-
sion) with dual-intuitionistic logic (lacking implication)” (Pinto & Uustalu, 2010, p. 57).
As Rajeev Goré and Linda Postniece put it: “Bi-intuitionistic logic, also known as subtrac-
tive logic and Heyting–Brouwer logic, is the union of intuitionistic logic and dual intuition-
istic logic, and it is a conservative extension of both” (Goré & Postniece, 2010, p. 233).

Although such a view is rather common in the literature, yet it can be misleading. It
would be more accurate, and in fact more adequate, to treat bi-intuitionistic logic not as
a peer-to-peer combination of intuitionistic and dual-intuitionistic logics, but rather as a
genuine intuitionistic logic extended by some additional operators5.

Interestingly, the latter treatment finds support in certain modal interpretations of the
bi-intuitionistic formulas, notably in a modal translation by means of tense operators
proposed by Piotr Łukowski (1996) and Frank Wolter (1998). If the necessity operator

3 There is no universally adopted symbol for the connective dual to intuitionistic implication.
Rauszer (1974), Czermak (1977), Urbas (1996), and various other authors use . to denote this
operator, but as (Goré, 2000, p. 254) notes, this is unfortunate because it hides the “directional
nature” (asymmetry) of the corresponding operation. Wolter (1998) employs →̆ as his connective
of coimplication, but this notation seems not to have received a wide support. Starting with Goré
(2000) −� has gained increasing popularity (see, e.g., Pinto & Uustalu, 2010; Wansing, 2010;
Tranchini, 2012), although as (Schroeder-Heister, 2009, p.1084 ) observes, it was already used in
(Bochenski & Menne, 1962). In this paper, this symbol is reversed for reasons explained in the
next footnote.

4 There is an interesting question concerning the “proper direction” of the dual intuitionistic
implication. Very often the operator dual to intuitionistic implication is identified with the
well-known algebraic operation of pseudo-difference or subtraction, sometimes also called
“exclusion” (see a set-theoretic explication of this operation in Skolem, 1919, p. 78–79, 82–83)—
a tradition that goes back directly at least to Cecylia Rauszer (see, e.g., Rauszer, 1974, p. 220),
but actually stems from Grigore Moisil, who as early as 1942 introduced a propositional
connective of “exception” (see the review by Atwell Turquette, 1948). As Peter Schroeder-Heister
convincingly explains in (Schroeder-Heister, 2009, pp. 1084–1085) a good deal of confusion
is caused here by a “directional explication” of the involved connectives that is not always
accurate. The characteristic principle of the subtraction operation ( . ) is standardly depicted
by the equivalence c ≤ a ∪ b ⇔ c . b ≤ a. At the same time, if we try to extract the
operation of coimplication from a “direct dualization” of the usual residuation principle simply
by reversing the deducibility relation, and then by merely replacing conjunction with disjunction
and implication with coimplication (and without interchanging between their antecedent and
consequent positions), we obtain a similar yet different principle—C � A ∨ B ⇔ B �− C � A
(cf. r7 and r8 below). Thus, the dual intuitionistic implication obtained in this way turns out
to be not a subtraction, but in fact a converse subtraction. In other words, subtraction should be
seen as an operation dual to converse implication, see also the corresponding remark by Lloyd
Humberstone in (Humberstone, 2005, p. 249). Haskell Curry in (Curry, 1963, p. 144) states that
the operator dual to implication is “a kind of subtraction”, where “kind of” can be taken as
“converse”, since Curry immediately adds that “a . b is the dual of b → a” (notation adjusted).
In this paper, dual intuitionistic implication is treated as converse subtraction, and thus symbol −�
is reversed as compared to its usage by Goré, Wansing and others—but cf. (Přenosil, 2014).

5 Or dually—as the dual-intuitionistic logic extended by some additional (intuitionistic) operators,
see footnote 21 below.
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in S4 is given a temporal reading “it will always be the case that. . . ”, i.e., a kind of
necessity in the future (�F ), then the translation in question can be obtained using an
additional tense operator “it has at some time been the case that. . . ” (�P —possibility
in the past not definable through necessity in the future), and supplementing the usual
Gödel-style translation for intuitionistic formulas by a suitable case for coimplication (see
Wolter, 1998, p. 368)6. More concretely, this case appears as follows (notation adjusted):
t (A �− B) = �P (∼t (A) ∧ t (B)).

Thus formulated, a translation for the dual-intuitionistic part of bi-intuitionistic logic
in the style of Łukowski and Wolter turns out to be no more than some add-on to the
intuitionistic translation. Most crucially, the translation of atomic sentences is provided in
terms of pure S4-necessity, and is thus interpreted as intuitionistic provability. The same
holds for the connectives of conjunction, disjunction, and implication. In turn, formulas
with coimplication are translated by means of both tense operators7, thus revealing the
“hybrid nature” of the proposed modal interpretation. As it stands, this interpretation is of
little help in an intuitive understanding of dual-intuitionistic sentences in general, and more
concretely, of the atomic and other kinds of sentences that do not contain coimplication.

Beside the duals of certain logical operators, one can consider a duality between the
logical systems per se. Through this consideration in the context of intuitionism, all the
sentences of an intuitionistic language including the atomic ones, and not merely some
sample operations, should have dual interpretation. Ultimately, it is the intuitionistic logical
system as a whole, which is then dualized. As a result, dual-intuitionistic logic can be
formulated as a separate system of its own, like for instance LDJ-systems from (Urbas,
1996), or system NDJ from (Tranchini, 2012), embodying certain properties that reveal its
“dual to intuitionistic nature”.

Most importantly, dual-intuitionistic logic is subject to the dual Glivenko theorem (see
Urbas, 1996, p. 443). In the same way that intuitionistic logic shares all the sentential
counter-theorems (logically false formulas) with classical logic, but does not share all
its sentential theorems (logically true formulas), dual-intuitionistic logic “has the dual
property of sharing all sentential theorems of [classical logic] while not sharing all counter-
theorems” (Urbas, 1996, p. 440).

The dualization of intuitionistic logic can be explained from both syntactic and semantic
standpoints. A syntactic justification stems most notably from a Gentzen-style sequent
formulation. Whereas, intuitionistic sequent calculus has a restriction of containing at
most one formula in the succedent of a sequent, one obtains a dual-intuitionistic sequent
calculus by laying down the corresponding (dual) restriction concerning the antecedent
(see Czermak, 1977; Urbas, 1996). An analogous and rather elegant duality can also be
established by means of a natural deduction formulation. In the same way that intuition-
istic natural deduction constitutes a “multiple-premises single-conclusion system in which
derivation trees branch upwards”, a dual-intuitionistic natural deduction can be construed
as a “single-premise multiple-conclusions system in which derivation trees branch down-
ward” (Tranchini, 2012, p. 632).

6 Note that Łukowski deals with coimplication understood as subtraction, and Wolter with its
converse (see previous footnote), whence the difference between the corresponding translational
functions. There is also a typographical error in Łukowski’s translation with a missing
intuitionistic negation operator in the appropriate place.

7 So that, e.g., (p �− q) ∨ ∼p is translated as �P (∼�F p ∧ �F q) ∨ �F∼�F p.
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Semantically, dual-intuitionistic logic finds its philosophical grounding in a notion dual
to that of a constructive proof (or verification), namely, the notion of refutation
(or falsification)—see (Shramko, 2005) (and also Miller, 2005, ch. 13) for a detailed
discussion of this point with reference to Popperian falsificationistic methodology. A dual-
intuitionistic sentence is affirmed if and only if it is not falsified at the moment of affirma-
tion. Inasmuch as intuitionistic truth of a sentence means its verification, i.e., a constructive
proof that can never be refuted, pure dual-intuitionistic truth of a sentence means its nonfal-
sification, i.e., mere acceptability as a conjecture (hypothesis) that can possibly be refuted.

It is thus natural to suppose that a modal translation of the formulas of dual-intuitionistic
logic should reflect the indicated duality in the informal interpretations of intuitionistic and
dual-intuitionistic sentences. That is, if necessity is treated as the availability of a proof,
then the absence of a refutation can be represented by possibility. The desired translation
may consist of prefixing � of S4 to every subformula of the translated dual-intuitionistic
formula.

This suggestion correlates closely with a construction developed by Gianluigi Bellin and
Corrado Biasi in their “Logic for pragmatics”8 (see Bellin & Biasi, 2004, p. 7 and Defini-
tion 4 on p. 16). The language of this logic includes so-called “illocutionary operators” of
assertion and conjecture, which are used for building the “elementary pragmatic formulas”.
Elementary acts of asserting and conjecturing are interpreted, respectively, as the necessity
and possibility of a sentence, taken in the sense of S4-modalities.

The main contribution of this paper is the definition of a specific function that provides
a translation of dual-intuitionistic formulas into modal formulas of S4, thereby enabling a
modal embedding of dual-intuitionistic logic in S4. This function as well as the faithfulness
of the proposed translation, is discussed in §4. With this end in view we formulate in
§2 the single-antecedent/single-succedent sequential (consequence) systems for classical,
intuitionistic, dual-intuitionistic and modal (S4) logics, and show the adequacy of these
formulations with respect to standard Kripke-models. Although for classical, intuitionistic
and dual-intuitionistic logics such systems are known in the literature, the formulation for
S4 is new9. In §3, we show that the usual Gödel translation for intuitionistic formulas works
perfectly for this formulation as well. We conclude the paper with some philosophical
considerations of possible intuitive interpretations of the proposed translational procedure.

§2. Consequence systems for classical, intuitionistic, dual-intuitionistic and modal
logics. Various formulations of the dual-intuitionistic logic can be found in the literature,
in terms of either a Gentzen-style sequent calculus (Czermak, 1977; Urbas, 1996), a display
calculus (Goré, 2000; Wansing, 2008), or a natural deduction system (Tranchini, 2012).
Note that given the dual Glivenko theorem, any axiomatic dual-intuitionistic system would
simultaneously be a system of classical logic (if formulated in one and the same language).
Thus, classical and dual-intuitionistic logics differ not in the sets of valid formulas, but in
their consequence relations.

8 Bellin and Biasi extended to dual-intuitionistic sentences a “pragmatic interpretation” of
intuitionistic propositional logic elaborated by Carlo Dalla Pozza and Claudio Garola in (Pozza
& Garola, 1995). According to the extended interpretation, an intuitionistic judgment represents
the (definite) assertion of a proposition, whereas a dual-intuitionistic judgment is seen as its
conjecture.

9 But cf. the formulation of a positive modal logic by Dunn (1995).
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To highlight this point, in this paper, we deal with so-called “binary consequence sys-
tems”, the expressions of which are of the form A � B, which is read as “A has B as a
consequence” (see, e.g., Dunn, 1995, p. 302),10 where A and B are formulas of one of the
following languages defined in Backus-Naur form:

C-language: A ::= p | (A ∧ A) | (A ∨ A) | (∼A);
I-language: A ::= p | (A ∧ A) | (A ∨ A) | (∼A) | (A → A);
DI-language: A ::= p | (A ∧ A) | (A ∨ A) | (∼A) | (A �− A);
S4-language: A ::= p | (A ∧ A) | (A ∨ A) | (∼A) | (�A).

We thus have four different languages for classical, intuitionistic, dual-intuitionistic, and
modal consequence systems, respectively. (Here, the classical system is of interest as a
base for the modal one. Note also that the material implication of classical logic can be
standardly defined, e.g., through classical negation and classical disjunction as ∼A ∨ B,
while something like a “material coimplication” can be dually represented by ∼A ∧ B.)
Connectives of these languages fall into two groups: the “congeneric” ones available in
all languages (these are conjunction, disjunction, and negation), and those unique to a
particular language (intuitionistic implication in the I-language, coimplication in the DI-
language, and necessity in the S4-language). In operating with our systems, we use the
same symbol for the congeneric connectives of different languages; for example, “∼” can
denote classical, intuitionistic, dual-intuitionistic negation, or the negation of modal S4,
depending on the context. Since in each particular case it should be clear what system we
are dealing with, no confusion should arise.

To begin with, consider the following list of consequences and inference rules for ob-
taining consequences from other consequences:

a1. A � A;

a2. A ∧ B � A; a4. A � A ∨ B;

a3. A ∧ B � B; a5. B � A ∨ B;

a6. A ∧ (B ∨ C) � (A ∧ B) ∨ C ;

a7. A � ∼∼A; a8. ∼∼A � A;

a9. A ∧ ∼A � B; a10. B � A ∨ ∼A;

a11. A ∧ (A → B) � B; a12. B � A ∨ (A �− B);

r1. A � B, B � C/A � C ;

r2. A � B, A � C/A � B ∧ C ; r3. B � A, C � A/B ∨ C � A;

r4. A � B/∼B � ∼A;

r5. A ∧ B � C/A ∧ ∼C � ∼B; r6. C � A ∨ B/∼B � A ∨ ∼C ;

r7. A ∧ B � C/A � B → C ; r8. C � A ∨ B/B �− C � A.

By combining schemata and rules from this list,11 one can axiomatize consequence
relations (entailments) between formulas of various logics. Thus, axioms a2–a9 together

10 To simplify presentation, consequence is taken here as a relation between (single) formulas,
keeping in mind the usual generalization to a relation between sets of formulas (so that
{A1, . . . , Am} � {B1, . . . , Bn} can be represented by A1 ∧ . . . ∧ Am � B1 ∨ . . . ∨ Bn).

11 The list is composed in such a way as to visualize a formal (syntactic) duality between certain
connectives (namely, between ∧ and ∨, as well as between → and �− , with ∼ being self-dual).
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with rules r1–r4 determine a system of all valid consequences between formulas of clas-
sical logic, which can be labeled as Ccn . Analogously we define consequence systems for
formulas of intuitionistic and dual-intuitionistic logics as follows12:

Icn = a1-a7, a9, a11, r1–r5, r7;

DIcn = a1-a6, a8, a10, a12, r1–r4, r6, r8.

The consequence modal system S4cn can be defined then by extending Ccn with the fol-
lowing axiom schemata and the rule involving necessity operator13:

a1�. �A ∧ �B � �(A ∧ B);

a2�. �A � A;

a3�. �A � ��A;

r1�. A � B/�A � �B.

The possibility operator � is standardly introduced as an abbreviation for ∼�∼.
Semantic models of Icn , DIcn , and S4cn can be uniformly constructed on the base of

reflexive and transitive Kripke-frames. The latter is a structure F = 〈W, ≤〉, where W is a
set (of “possible worlds”), and ≤ is a reflexive and transitive (“accessibility”) relation on
W . Models of Icn , DIcn , and S4cn (I-model, DI-model, and S4-model) are obtained then
by supplying a Kripke-frame with a suitable valuation function. Such a function can be
defined as a forcing relation between elements of W and formulas of the corresponding
language.

Let 〈W, ≤〉 be some Kripke-frame. Then an x-model is a triple Mx = 〈W, ≤,�x 〉,
where x stands for I, DI, or S4, and �x is defined as follows:

DEFINITION 2.1. The intuitionistic forcing relation �I in an I -model MI is a relation
between elements of W and formulas of the I -language, subject to the following conditions
(for every α, β ∈ W ):

(1) α �I p and α ≤ β ⇒ β �I p, where p is atomic;

(2) α �I A ∧ B ⇔ α �I A and α �I B;

(3) α �I A ∨ B ⇔ α �I A or α �I B;

(4) α �I ∼A ⇔ ∀β(α ≤ β ⇒ β ��I A);

(5) α �I A → B ⇔ ∀β(α ≤ β ⇒ (β �I A ⇒ β �I B)).

DEFINITION 2.2. The dual-intuitionistic forcing relation �DI in a DI -model MDI is a
relation between elements of W and formulas of the DI -language, subject to the following
conditions (for every α, β ∈ W ):

In this sense, the paired schemata and rules can be considered to be mutually dual (as obtainable
from each other by reversing the consequence and interchanging between dual connectives),
whereas, the solitary ones are self-dual.

12 Cf. the “symmetrical categorical propositional calculus” constructed in (Crolard, 2001, pp. 158–
159), which is essentially a single-antecedent/single-succedent sequential system, but comprising
both intuitionistic implication and subtraction (the converse dual-intuitionistic implication).
Crolard’s calculus is formulated in a language with propositional constants ⊥ and � used to
define intuitionistic and dual-intuitionistic negations, respectively.

13 Note that Necessitation cannot be among rules of S4cn , since it does not operate with consequence
expressions.
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(1) α �DI p and β ≤ α ⇒ β �DI p, where p is atomic;

(2) α �DI A ∧ B ⇔ α �DI A and α �DI B;

(3) α �DI A ∨ B ⇔ α �DI A or α �DI B;

(4) α �DI ∼A ⇔ ∃β(α ≤ β and β ��DI A);

(5) α �DI A �− B ⇔ ∃β(α ≤ β and β ��DI A and β �DI B).14

DEFINITION 2.3. The modal forcing relation �S4 in a S4-model MS4 is a relation between
elements of W and formulas of the S4-language, subject to the following conditions (for
every α, β ∈ W ):

(1) α �S4 A ∧ B ⇔ α �S4 A and α �S4 B;

(2) α �S4 A ∨ B ⇔ α �S4 A or α �S4 B;

(3) α �S4 ∼A ⇔ α ��S4 A);

(4) α �S4 �A ⇔ ∀β(α ≤ β ⇒ β �S4 A).

Condition (1) in Definitions 2.1 and 2.2 (heredity and backward heredity) can be eas-
ily extended to all formulas of the corresponding languages (by induction on a formula
construction). We have then the following definition of valid entailments in Icn , DIcn , and
S4cn :

DEFINITION 2.4. Let x stands for I, DI, or S4. Then:

A |�x B ⇔ ∀Mx∀α ∈ W (α �x A ⇒ α �x B).

Let A �x B mean that consequence A � B is provable in the system xcn (where x stands
for I, DI, or S4). We have then the following soundness and completeness theorem:

THEOREM 2.5. A �x B ⇔ A |�x B.

Proof. Left-to-right (soundness) is easily established for each system by a direct validity
check of the corresponding axioms and validity preservation of the inference rules.

As to right-to-left (completeness), it can be proved by a canonical model construction.
We present here a sketch of the proof which is quite standard.

An x-theory a is defined as a set of formulas of the x-language closed under
x-consequence (if A ∈ a and A �x B, then B ∈ a) and conjunction (if A ∈ a and B ∈ a,
then A ∧ B ∈ a). An x-theory a is prime iff it has disjunction property (if A ∨ B ∈ a, then
A ∈ a or B ∈ a). An x-theory is trivial iff it contains all the formulas of the x-language.

A kind of Lindenbaum lemma generally holds for all nontrivial x-theories: (a) if A ��x B,
then there always exists a prime x-theory a such that A ∈ a and B /∈ a; and moreover,
(b) if a is an x-theory, such that A /∈ a, then a can be extended to a prime x-theory b such
that A /∈ b.

The canonical I-model Mc
I is defined then as a triple 〈W c

I , ≤c
I ,�c

I 〉, where W c
I is the set

of all nontrivial prime I-theories, ≤c
I is defined as the subset relation on W c

I (note that it
is reflexive and transitive), and a �c

I A ⇔ A ∈ a, for any a ∈ W c
I . To see that Mc

I is
indeed an I-model, one has to make certain that �c

I so defined satisfies conditions (1)–(5)
of Definition 2.1 We show here only (4) and (5). (4) If ∼A ∈ a, then for any b ⊇ a,
∼A ∈ b. Due to nontriviality of b, A /∈ b. To show the converse, assume that ∼A �∈ a.
Then ∼A �∈ a+ A (the deductive closure of a∪ A). Indeed, if ∼A ∈ a+ A, then there exists

14 Cf. Lemma 4.2 and Definition 4.3 in (Shramko, 2005), and Definition 3.4 in (Wansing, 2013).
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some finite set {B1, . . . , Bn} ⊆ a, such that A ∧ (B1 ∧ . . . ∧ Bn) �I ∼A. By r5 we have
then A∧∼∼A �I ∼(B1 ∧ . . .∧ Bn), and hence, by a1, a7, and r2, A �I ∼(B1 ∧ . . .∧ Bn).
By a7 and r4, we obtain B1 ∧ . . .∧ Bn �I ∼A, and consequently, ∼A ∈ a, a contradiction.
By Lindenbaum lemma (b), a + A can be extended to a prime I-theory, such that ∼A still
does not belong to it, and so, is nontrivial. (5) Assume A → B ∈ a. Consider an arbitrary
b ⊇ a, such that A ∈ b. Then, by transitivity of ⊇, A → B ∈ b. By definition of I-theory,
A ∧ (A → B) ∈ b, and by a11, B ∈ b. For the converse, assume A → B /∈ a. Consider
the theory a + A. First, B /∈ a + A. Indeed, if B ∈ a + A, then there exists some finite set
{C1, . . . , Cn} ⊆ a, such that (C1 ∧ . . . ∧ Cn) ∧ A �I B. By r7, C1 ∧ . . . ∧ Cn �I A → B,
and hence, A → B ∈ a, a contradiction. Second, by Lindenbaum lemma (b), a + A can be
extended to a prime I-theory, such that B still does not belong to it, and so, is nontrivial.

The canonical DI-model Mc
DI = 〈W c

DI , ≤c
DI ,�c

DI 〉 differs from Mc
I in that W c

DI is the
set of all nontrivial prime DI-theories, with ≤c

DI defined as a superset relation on W c
DI , and

a �c
DI A ⇔ A ∈ a, for any a ∈ W c

DI . Again, one has to show that �c
DI satisfies conditions

(1)–(5) of Definition 2.2 and again, we consider (4) and (5). (4) Let ∼A ∈ a. Either A /∈ a,
or A ∈ a. In the first case, right-hand side of (4) holds by reflexivity of ⊇. In the second
case, a can be contracted to a prime DI-theory b ⊆ a, such that A /∈ b (see Shramko, 2005,
Lemma 5.3.), and right-hand side of (4) holds as well. For converse, let ∼A /∈ a. Then,
for any b ⊆ a, ∼A /∈ b. Due to a10, A ∨ ∼A belongs to any nonempty DI-theory, and
hence, to b. Since b is prime, A ∈ b or ∼A ∈ b, and so, A ∈ b. (5) Let A �− B ∈ a. By
a4 and r8, A �− B �DI B. By a10 and r8, A �− B �DI ∼A. Thus, B ∈ a and ∼A ∈ a.
Either A /∈ a, or A ∈ a. In the first case, right-hand side of (5) holds by reflexivity of ⊇.
In the second case a can be contracted to a prime DI-theory b ⊆ a, such that A /∈ b and
B ∈ b (see Shramko, 2005, Lemma 5.3.), and right-hand side of (5) holds as well. For the
converse, assume A �− B /∈ a. Consider an arbitrary b ⊆ a, such that B ∈ b. By a12,
A ∨ (A �− B) ∈ b. But A �− B /∈ b. Hence, by primeness of b, A ∈ b.

The canonical S4-model Mc
S4 is a triple 〈W c

S4, ≤c
S4,�c

S4〉, where W c
S4 is the set of all

nontrivial prime S4-theories, a ≤c
S4 b ⇔ ∀A(�A ∈ a ⇒ A ∈ b), and a �c

S4 A ⇔ A ∈ a,
for any a ∈ W c

S4. Note that a ≤c
S4 b is reflexive (due to a2�) and transitive (due to

a3�). Conditions (1)–(4) of Definition 2.3 hold for �c
S4. (1) holds due to the definition

of an S4-theory, as well as a2 and a3. (2) holds due to primeness, as well as a4 and a5.
Observe that due to a9 any nontrivial S4-theory a is consistent in the sense that for no
formula A, A ∈ a and ∼A ∈ a. Moreover, any nontrivial prime S4-theory is negation
complete (due to a10, which is derivable in S4cn). Hence, (3) holds. To show (4), first,
assume �A ∈ a. Then, by definition of ≤c

S4, we have A ∈ b for any b, such that a ≤c
S4 b.

To prove the converse, observe that if ∼�A ∈ a, then a−� + ∼A is a nontrivial S4-
theory (a−� = {A : �A ∈ a})15. Now, assume �A /∈ a. Since a is negation complete,
∼�A ∈ a. By the observation above, a−� + ∼A is a nontrivial S4-theory. Obviously,
A /∈ a−� + ∼A. By Lindenbaum lemma (b), there is a nontrivial prime S4-theory b, such
that a−� + ∼A ⊆ b (which means that a ≤c

S4 b) and A /∈ b16.
Having the canonical x-models for our systems, assume A ��x B. Then by Lindenbaum

lemma (a), there exists a (nontrivial) prime x-theory a such that A ∈ a and B /∈ a. By
canonical valuation we have a �c

x A and a ��c
x B. By Definition 2.4 A �|�x B. �

15 Indeed, suppose a−� + ∼A is trivial. This means that there is some finite subset {B1, . . . , Bn}
of a−�, such that B1 ∧ . . . ∧ Bn �S4 A. By r1�, �(B1 ∧ . . . ∧ Bn) �S4 �A, and by a1�,
�B1 ∧ . . . ∧ �Bn �S4 �A. But then �A ∈ a, and hence, a is trivial, a contradiction.

16 Incidentally, the soundness and completeness of S4cn with respect to usual Kripke-models
demonstrate the admissibility of Necessitation rule in the whole S4.
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§3. A modal embedding of intuitionistic consequence system. The relationship be-
tween Icn and S4cn is completely analogous to the one between intuitionistic logic and S4,
namely the former is embeddable into the latter by means of a suitable modal translation.
In this section, we follow (Fitting, 1969, pp. 43–44) with some adaptations to consequence
systems.

Consider the following map from formulas of the I-language into the formulas of the
S4-language:

p∗ = �p, for p atomic;
(A ∧ B)∗ = A∗ ∧ B∗;
(A ∨ B)∗ = A∗ ∨ B∗;
(A → B)∗ = �(∼A∗ ∨ B∗);
(∼A)∗ = �∼A∗.17

The following lemma holds by a straightforward induction:

LEMMA 3.1. Let F = 〈W, ≤〉 be a Kripke-frame, and define I-model Mc
I and S4-model

Mc
S4 on F, so that for any α ∈ W and any atomic p, α �I p ⇔ α �S4 p∗. Then for any

formula A, α �I A ⇔ α �S4 A∗.

We now prove the following theorem which establishes the embedding of Icn into S4cn :

THEOREM 3.2. A �I B ⇔ A∗ �S4 B∗.

Proof. We use Theorem 2.5 and argue by contraposition.

1. Assume, there is an I-model Mc
I = 〈W, ≤,�I 〉, such that for some α ∈ W , α �I A,

and α ��I B. Define a S4-model Mc
S4 = 〈W, ≤,�S4〉, so that for any α ∈ W

and any atomic p, α �S4 p ⇔ α �I p, and �S4 is extended to all formulas
of the S4-language by conditions (1)–(4) of Definition 2.3 For atomic p we have:
α �S4 p∗ ⇔ α �S4 �p (definition of ∗) ⇔ ∀β(α ≤ β ⇒ β �S4 p) (Definition 2.3
(4)) ⇔ ∀β(α ≤ β ⇒ β �I p) (definition of �S4) ⇔ α �I p (reflexivity of ≤). By
Lemma 3.1, there is a S4-model Mc

S4 = 〈W, ≤,�S4〉, such that for some α ∈ W ,
α �S4 A∗, and α ��S4 B∗.

2. Assume, there is a S4-model Mc
S4 = 〈W, ≤,�S4〉, such that for some α ∈ W ,

α �S4 A∗, and α ��S4 B∗. Define an I-model Mc
I = 〈W, ≤,�I 〉, so that for any

α ∈ W and any atomic p, α �I p ⇔ α �S4 p∗, and �I is extended to all
formulas of the I-language by conditions (2)–(5) of Definition 2.1 Condition (1)
obviously holds for any p in I-models so defined, since �p is hereditary forward
in the corresponding S4-models. Then by Lemma 3.1 there is an I-model Mc

I =
〈W, ≤,�I 〉, such that for some α ∈ W , α �I A, and α ��I B. �

§4. A modal embedding of dual-intuitionistic consequence system. Modal
operators � and � are often considered to be mutually dual (see, e.g., Chellas, 1980,
p. 29), to the effect that their semantic conditions can be obtained from one another by
interchanging between dual notions: ∀ and ∃, �≤ and ≤, metalanguage disjunction and

17 It is well known that cases for ∧ and ∨ can be defined as (A∧ B)∗ = �(A∗∧ B∗) and (A∨ B)∗ =
�(A∗ ∨ B∗) with exactly the same result, due to (�A ∧ �B) ��S4 �(�A ∧ �B) and similarly
for disjunction.
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conjunction. Taking this into account, as well as the definition of � as ∼�∼, Definition 2.3
can be extended by the following condition for �:

(4′) α �S4 �A ⇔ ∃β(α ≤ β and β �S4 A).

It is then most natural to obtain a modal translation function • of the dual-intuitionistic
formulas from the definition of ∗ just by changing � to � (with an obvious modification
for coimplication):

p• = �p, for p atomic;
(A ∧ B)• = A• ∧ B•;
(A ∨ B)• = A• ∨ B•;
(A �− B)• = �(∼A• ∧ B•);
(∼A)• = �∼A•.18

Our key lemma sounds now as follows:

LEMMA 4.1. Let F = 〈W, ≤〉 be a Kripke-frame, and suppose there exists a DI-model
Mc

DI and S4-model Mc
S4 on F, so that for any α ∈ W and any atomic p, α �DI p ⇔

α �S4 p•. Then for any formula A, α �DI A ⇔ α �S4 A•.

Proof. We prove the lemma by an induction on the complexity of A. If A is atomic, the
lemma trivially holds by definitions of �DI and �S4.

For ∧ and ∨ the proof is straightforward.
Let A have the form ∼B, and the lemma holds for B. Then α �DI ∼B ⇔ ∃β(α ≤

β and β ��DI B) (Definition 2.2 (4)) ⇔ ∃β(α ≤ β and β ��S4 B•) (inductive hypothesis)
⇔ ∃β(α ≤ β and β �S4 ∼B•) (Definition 2.3 (3)) ⇔ α �S4 �∼B• (Definition 2.3 (4′))
⇔ α �S4 (∼B)• (definition of •).

Let A have the form B �− C , and lemma holds for B and for C . Then we have: α �DI

B �− C ⇔ ∃β(α ≤ β and β ��DI B and β �DI C) (Definition 2.2 (5)) ⇔ ∃β(α ≤
β and β ��S4 B• and β �S4 C•) (inductive hypothesis) ⇔ ∃β(α ≤ β and β �S4 ∼B• and
β �S4 C•) (Definition 2.3 (3)) ⇔ ∃β(α ≤ β and β �S4 ∼B• ∧ C•) (Definition 2.3 (1))
⇔ α �S4 �(∼B• ∧ C•) (Definition 2.3 (4′)) ⇔ α �S4 (B �− C)• (definition of •). �

And finally, we have the main result of this paper:

THEOREM 4.2. A �DI B ⇔ A• �S4 B•.

Proof. We again use Theorem 2.5 and argue by contraposition:

1. Assume, there is a DI-model Mc
DI = 〈W, ≤,�DI 〉, such that for some α ∈ W ,

α �DI A, and α ��DI B. Define a S4-model Mc
S4 = 〈W, ≤,�S4〉, so that for

any α ∈ W and any atomic p, α �S4 p ⇔ α �DI p, and �S4 is extended to all
formulas of the S4-language by conditions (1)–(4) of Definition 2.3 For atomic p
we have: α �S4 p• ⇔ α �S4 �p (definition of •) ⇔ ∃β(α ≤ β and β �S4 p)
(Definition 2.3 (5)) ⇔ ∃β(α ≤ β and β �DI p) (definition of �S4) ⇔ α �DI p
(Definition 2.2 (1)). By Lemma 4.1 there is a S4-model Mc

S4 = 〈W, ≤,�S4〉, such
that for some α ∈ W , α �S4 A•, and α ��S4 B•.

2. Assume, there is a S4-model Mc
S4 = 〈W, ≤,�S4〉, such that for some α ∈ W ,

α �S4 A•, and α ��S4 B•. Define a DI-model Mc
DI = 〈W, ≤,�DI 〉, so that

18 Again, ∧ and ∨ can be translated by (A ∧ B)• = �(A• ∧ B•), and (A ∨ B)• = �(A• ∨ B•),
since (�A ∧ �B) ��S4 �(�A ∧ �B) and (�A ∨ �B) ��S4 �(�A ∨ �B).



A MODAL TRANSLATION FOR DUAL-INTUITIONISTIC LOGIC 261

for any α ∈ W and any atomic p, α �DI p ⇔ α �S4 p•, and �DI is ex-
tended to all formulas of the DI-language by conditions (2)–(5) of Definition 2.2
Note that in S4-models any p• (i.e., �p) is hereditary backwards. Indeed, as-
sume α �S4 �p. Then ∃β(α ≤ β and β �S4 p). Consider an arbitrary γ , such
that γ ≤ α. By transitivity γ ≤ β, and hence, γ �S4 �p. Thus, condition
(1) of Definition 2.2 holds for DI-models so defined. By Lemma 4.1 there is a
DI-model Mc

DI = 〈W, ≤,�DI 〉, such that for some α ∈ W , α �DI A, and
α ��DI B. �

§5. Conclusion: modal translation, intuitionistic and dual-intuitionistic truth and
falsity. Sir Michael Francis Atiyah remarked on a general principle of duality: “Funda-
mentally, duality gives two different points of view of looking at the same object” (Atiyah,
2008, p. 69). In this sense intuitionistic and dual-intuitionistic logics can be interpreted as
representing two different views of the notion of truth—a purely verificationistic one (pres-
ence of a constructive proof) and a purely falsificationistic one (absence of a constructive
refutation). The latter establishes dual-intuitionistic logic as a logic of hypothetico-
deductive reasoning (deductive reasoning from hypotheses), where hypotheses (conjec-
tures) are treated as potentially or possibly true (acceptable) statements that can be
eliminated if they fail the test of falsification19.

The definition of the forcing relation in DI-models, most notably, condition (1) of
Definition 2.2 (backward heredity of dual-intuitionistic sentences) suits such an under-
standing very well. To hypothesize simply means to put forward some statement that is
possible and always was possible, but with no guarantees for the future. This also applies
to definitions of the forcing relation for dual-intuitionistic negation and coimplication.

The modal translation proposed above highlights precisely this “hypothetical essence”
of dual-intuitionist statements. In particular, it reveals the meaning of dual-intuitionistic
negation as a possibility of refutation. Indeed, operation • ultimately translates ∼ of the
DI-language into �∼� of the S4-language, and it is natural to treat (an epistemic) impos-
sibility of a sentence (∼�) as its refutation20.

Remarkably, dual-intuitionistic logic is implicationless in the sense that by itself it does
not comprise any object language counterpart of the consequence relation. (It is impossible
to define in dual-intuitionistic logic any connective �, such that � A � B iff A � B, see
(Goodman, 1981, Theorem 2.), (Urbas, 1996, Theorem 5.4.), and (Shramko, 2005, Theo-
rem 4.7.) for algebraic, proof-theoretic and semantic proofs of this fact correspondingly.)
This means that at an object language level, hypothetico-deductive reasoning is essentially
nonconditional, and the main language procedure here is not to state new proofs on the
basis of existing proofs, but to exclude certain (untenable) hypotheses from the stock of
hypotheses accepted thus far.

The latter procedure is furnished by a connective of coimplication. Nicolas Goodman
(Goodman, 1981, p. 121) proposed an intuitive reading of this connective as “but not”.
However, Igor Urbas (Urbas, 1996, p. 451) observed that such a reading would mean
an equivalence between A �− B and “B ∧ ∼A”, which does not generally hold in dual-
intuitionistic logic. Instead Urbas suggested the understanding of coimplication as an

19 “There is no more rational procedure than the method of trial and error—of conjecture and
refutation: of boldly proposing theories; of trying our best to show that these are erroneous; and
of accepting them tentatively if our critical efforts are unsuccessful” (Popper, 1962, p. 51).

20 There may, of course, be also other natural conceptions of refutation.
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exclusion operator, i.e., A �− B should mean “A is excluded by B”, or “B excludes A”.
The modal translation for dual-intuitionistic logic presents a rather natural explication of
such an understanding: A can be considered to be excluded by B iff there is a possibility
that B is acceptable whereas A is not21.

It should be noted that on finishing this paper, the philosophical interpretation of its main
technical result is compatible with various informal understandings of the intuitionistic
notion of falsity and the dual-intuitionistic notion of truth. As to falsity, there generally
exist two main conceptions thereof: falsity as the absence of truth (nontruth), and falsity as
the truth of a negated proposition22. In classical logic these two conceptions produce one
and the same notion, whereas in intuitionistic logic (as well as in many others) they fall
apart.

The intuitive considerations and motivations above were based chiefly on the first of
these two conceptions. It is worth noting that in traditional Kripke semantics, falsity is
normally treated exactly as nontruth. This holds in particular for intuitionistic Kripke-
models, what is manifest in the original formulations in (Kripke, 1965). More specifically,
Kripke considers a set of intuitionistic truth values {T, F} and introduces a truth-value
function φ, which for every propositional formula, and for every possible world takes one
of the two truth values. Moreover, intuitionistic truth conditions for complex formulas are
articulated in the following style: φ(A ∧ B, a) = T iff φ(A, a) = T and φ(B, a) = T;
otherwise, φ(A∧B, a) = F, and likewise for other connectives and quantifiers (see Kripke,
1965, p. 94). In other words, in his semantics for intuitionistic logic, Kripke explicitly
interprets a semantic notion of falsity as the simple absence of (constructive) truth. Here
we do not intend to dwell on the issue of a “genuine intuitionistic notion of falsity”; for
a detailed elaboration of this topic, see (Shramko, 2012). However, at this point let us
emphasize the feasibility of such an understanding, which can be called a “weak notion of
falsity”, presenting in a sense a metasemantical treatment of intuitionistic falsity “from the
classical point of view”, cf. (Novikov, 1977).

There is, however, also another option, which is quite widespread in the literature, and
which presents, so to speak, the “strong notion of falsity” in intuitionism. According to it,
intuitionistic falsity of a sentence means the truth of its (object language) negation, which in
turn means that the sentence is (intuitionistically) refuted, or that its proof is impossible, cf.
(4) in Definition 2.1 In accordance with an established view, a sentence is considered to be
intuitionistically refuted if and only if admission of its truth leads to contradiction (see, e.g.,
Heyting, 1956, p. 18). Note that this idea of refutation, as well as the corresponding idea of
falsity is not constructive. A constructive (“constructible”) refutation is to be understood
not as reducing a sentence to absurdity, but as its direct disproof by some construction

21 Interestingly, the proposed modal translation for dual-intuitionistic logic may also serve as a
basis for another definition of a modal translation for bi-intuitionistic logic. As remarked above,
the latter can be viewed as intuitionistic logic extended by the connective of dual-intuitionistic
implication (and dual-intuitionistic negation). Dually, it can also be treated as dual-intuitionistic
logic extended by the connective of intuitionistic implication (and intuitionistic negation). A
tense modal translation for this logic can be obtained on the basis of the translational function •
by reinterpreting � as �P , and then extending it with the following cases for intuitionistic
implication and negation: (A → B)• = �F (∼A• ∨ B•); ∼A• = �F∼A•.

22 David Lewis explained the difference between these two conceptions in a concise interrogative
form: “What is it to be false? Shall we call a sentence false if and only if it has a true negation?
Or if and only if it isn’t true?” (Lewis, 1982, p. 432) He also observed that Richard Routley
distinguished between “systemic” and “metalogical” falsity in this regard (see Routley, 1979,
p. 329).



A MODAL TRANSLATION FOR DUAL-INTUITIONISTIC LOGIC 263

falsifying this sentence “on the spot”, cf. (Nelson, 1949). In contrast to this an intuitionistic
refutation of a sentence is essentially of an indirect character, presenting some conditional
proof, namely, a derivation of contradiction from this sentence. Importantly, if a sentence
is intuitionistically refuted (intuitionistically false in the strong sense), this means that its
constructive refutation is possible.

Such an understanding carries its consequences for an informal interpretation of the truth
of dual-intuitionistic sentences, which should now be stronger than the simple absence of
refutation. That is, if we adopt the strong conception of intuitionistic falsity, then, taking
into account a natural duality between intuitionistic falsity and dual-intuitionistic truth, the
latter should be interpreted not merely as our present lack of a (constructive) refutation
of a sentence, but rather as the impossibility of finding such a refutation23. Thus, a dual-
intuitionistic sentence is true in this sense, if and only if its dual-intuitionistic negation
is refutable24. Now, the latter, of course, does not necessarily mean that we possess a
(constructive) proof of the sentence, but it does mean that such a proof is possible!

This observation clearly shows that the strong interpretation of (the truth of) dual intu-
itionistic sentences so described is in perfect accord with the modal translation proposed
in this paper. Indeed, if the negation of a sentence can be refuted, it does not necessarily
mean that we have a proof of the sentence, but it surely testifies to the possibility of such a
proof. And this is exactly what the function • states, revealing once again the “hypothetical
essence” of dual-intuitionist statements.
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Bocheński, J. M. & Menne, A. (1962). Grundriß der Logistik. Paderborn: Schöningh.
Chellas, B. F. (1980). Modal Logic: An Introduction. Cambridge: Cambridge University

Press.
Crolard, T. (2001). Subtractive logic, Theoretical Computer Science, 254(1–2),

pp. 151–185.
Curry, H. B. (1963). Foundations of Mathematical Logic. New York: McGraw-Hill.

23 This interpretation was suggested by an anonymous referee.
24 Remarkably, this notion, as well as the strong notion of intuitionistic falsity, has a mixed syntactic-

semantic character, since here the right hand side of the definition of a semantic notion of truth
(or falsity) explicitly involves a syntactic entity—the object language negation. In contrast to this,
the idea of truth as a simple nonfalsity, as well as falsity as a plain nontruth, can be characterized
as a “purely semantic notion”.



264 YAROSLAV SHRAMKO

Czermak, J. (1977). A remark on Gentzen’s calculus of sequents, Notre Dame Journal of
Formal Logic, 18(3), pp. 471–474.

Dunn, J. M. (1995). Positive modal logic, Studia Logica, 55, pp. 301–317.
Fitting, M. (1969). Intuitionistic Logic, Model Theory and Forcing, Amsterdam: North-

Holland Pub. Co.
Fitting, M. (1970). An embedding of classical logic in S4, Journal of Symbolic Logic, 35,

pp. 529–534.
Gödel K. (1933). Eine Interpretation des intuitionistischen Aussagenkalküls, Ergebnisse

eines mathematischen Kolloquiums 4, pp. 39–40. Reprinted, with English translation,
in Gödel, K. (1986). Collected Works. I: Publications 1929–1936, S. Feferman et al.,
editors. Oxford: Oxford University Press, pp. 300–303.

Goodman, N. D. (1981). The logic of contradiction, Zeitschrift für mathematische Logik
und Grundlagen der Mathematik, 27, pp. 119–126.

Goré, R. (2000). Dual intuitionistic logic revisited, In Dyckhoff, R., editor. Proceedings
Tableaux 2000 (Lecture Notes in Artificial Intelligence 1847), Springer Verlag, Berlin,
pp. 252–267.

Goré, R. & Postniece, L. (2010). Combining Derivations and Refutations for Cut-
free Completeness in Bi-intuitionistic Logic, Journal of Logic and Computation, 20,
pp. 233–260.

Heyting A. (1956). Intuitionism: An Introduction. Amsterdam: North-Holland.
Humberstone, L. (2005). Contrariety and subcontrariety: The anatomy of negation (with

special reference to an example of J.-Y. Béziau), Theoria, 71, pp. 241–262.
Kripke, S. (1965). Semantical analysis of intuitionistic logic I, Formal Systems and

Recursive Functions, J. N. Crossley and M. A. Dummett, editors. Amsterdam: North-
Holland, pp. 92–130.

Lewis, D. (1982). Logic for equivocators, Noûs, 16, pp. 431–441.
Łukowski, P. (1996). Modal interpretation of Heyting-Brouwer logic, Bulletin of the

Section of Logic, 25, pp. 80–83.
Miller, D. (2005). Out of Error: Further Essays on Critical Rationalism. Aldershot and

Brookfield, Ashgate.
Nelson, D. (1949). Constructible falsity, Journal of Symbolic Logic, 14, pp. 16–26.
Novikov, P. S. (1977). Constructive Mathematical Logic from the Classical Point of View

(in Russian), Moscow: Nauka.
Pinto, L. & Uustalu, T. (2010). Relating sequent calculi for bi-intuitionistic propositional

logic, In S. van Bakel, S. Berardi, U. Berger, editors. Proceedings Third International
Workshop on Classical Logic and Computation, EPTCS, 47, pp. 57–72.

Popper, K. (1962). Conjectures and Refutations: The Growth of Scientific Knowledge, New
York, London: Basic Books.

Pozza, C. D. & Garola, C. (1995). A pragmatic interpretation of intuitionistic propositional
logic, Erkenntnis, 43, pp. 81–109.

Přenosil, A. (2014). A duality for distributive unimodal logic, In R. Goré, B. Kooi,
A. Kurucz, editors. Advances in Modal Logic, vol. 10, London: College Publications,
pp. 423–438.

Raatikainen, P. (2004). Conceptions of truth in intuitionism, History and Philosophy of
Logic, 25, pp. 131–145.

Rauszer, C. (1974). Semi-Boolean algebras and their applications to intuitionistic logic
with dual operations, Fundamenta Mathematicae, 83, pp. 219–249.

Routley, R. (1979). Dialectical logic, semantics and metamathematics, Erkenntnis, 14,
pp. 301–331.



A MODAL TRANSLATION FOR DUAL-INTUITIONISTIC LOGIC 265

Schroeder-Heister, P. (2009). Schluß und Umkehrschluß: ein Beitrag zur Definitionsthe-
orie, In C. F. Gethmann, editor. Deutsches Jahrbuch Philosophie 02. Lebenswelt und
Wissenschaft, Felix Meiner Verlag, Hamburg, pp. 1065–1092.

Shramko, Y. (2005). Dual intuitionistic logic and a variety of negations: the logic of
scientific research, Studia Logica, 80, pp. 347–367.

Shramko, Y. (2012). What is a genuine intuitionistic notion of falsity?, Logic and Logical
Philosophy, 21, pp. 3–23.

Skolem, T. (1919). Untersuchungen über die Axiome des Klassenkalküls und über
Produktations- und Summationsprobleme, welche gewisse Klassen von Aussagen
betreffen. In Skrifter utgit av Videnskabsselskapet i Kristiania, vol. 3, 1919; reprinted in:
Skolem, T. (1970). Selected Works in Logic, J. E. Fenstad, editor. Oslo, Bergen, Tromsö:
Universitetforlaget, pp. 67–101.

Tranchini, L. (2012). Natural deduction for dual-intuitionistic logic, Studia Logica, 100,
pp. 631–648.

Troelstra, A. & van Dalen, D. (1988). Constructivism in Mathematics, Volume I,
Amsterdam: North-Holland.

Turquette, A. R. (1948). Review: Gr.C. Moisil, Logique Modale, Journal of Symbolic
Logic, 13, pp. 162–163.

Urbas, I. (1996). Dual-intuitionistic logic, Notre Dame Journal of Formal Logic, 37,
pp. 440–451.

Wansing, H. (2008). Constructive negation, implication, and co-implication, Journal of
Applied Non-Classical Logics, 18, pp. 341–364.

Wansing, H. (2010). Proofs, disproofs, and their duals, In Beklemishev L., Goranko V. and
V. Shehtman, editors. Advances in Modal Logic, v. 8, College Publications, pp. 483–505.

Wansing, H. (2013). Falsification, natural deduction, and bi-intuitionistic logic, Journal of
Logic and Computation, doi: 10.1093/logcom/ext035.

Wolter, F. (1998). On logics with coimplication, Journal of Philosophical Logic, 27,
pp. 353–387.

DEPARTMENT OF PHILOSOPHY
KRYVYI RIH STATE PEDAGOGICAL UNIVERSITY

KRYVYI RIH, 50086, UKRAINE
E-mail: shramko@rocketmail.com


