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Abstract. A modal extension of multilattice logic, called modal multi-
lattice logic, is introduced as a Gentzen-type sequent calculus MMLn.
Theorems for embedding MMLn into a Gentzen-type sequent calculus
S4C (an extended S4-modal logic) and vice versa are proved. The cut-
elimination theorem for MMLn is shown. A Kripke semantics for MMLn

is introduced, and the completeness theorem with respect to this seman-
tics is proved. Moreover, the duality principle is proved as a characteristic
property of MMLn.
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1. Introduction

The aim of this paper is to extend to the realm of modal logics the notion of a
multilattice logic, introduced in [30] and studied further in [17]. The idea of a
multilattice logics, stems essentially from Belnap and Dunn’s useful four-valued
logic [3,4,7], and is also a generalization of Arieli and Avron’s bilattice logics [2],
Shramko and Wansing’s trilattice logics [33,34], and Zaitsev’s tetralattice logic
[38]. Semantically these logics are based on certain algebraic structures, such
as bilattices [10,11], trilattices [32,33], tetralattices [38] and beyond, generalized
in [30] under a joint name of multilattices.

Generally, an n-dimensional multilattice (or just n-lattice) is a lattice
equipped with exactly n partial orders. It was argued in [30] that multilattices
present a natural algebraic framework for generalized truth-values, conceived
as elements of the power-set of some (basic) set of initial truth-values. Every
partial order in a given multilattice serves as a tool for gradating the respective
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generalized truth values, in accordance with a certain characterization, such
as information, truth, falsity, constructivity, (un)certainty, modality, or other
kinds of “adverbial qualifications”, see [30, p. 205]. Meet and join exist for any
such order, which can also be supplied with an appropriate inversion operator.
Thus, an n-lattice can be seen as a basis for the corresponding multilattice
logics with exactly n pairs of conjunctions and disjunctions, and also with n
negation-like operators.

In this paper, a new logic called modal multilattice logic is introduced
as a Gentzen-type sequent calculus MMLn. This logic is an extension (by n
pairs of modal operators for every partial ordering) of the multilattice logic
(with n pairs of conjunctions, disjunctions and n paraconsistent negations)
originally introduced in [30], and deductively formalized there by a cut-free
Gentzen-type sequent calculus GMLn. In [17] it was slightly modified by a
Gentzen-type sequent calculus MLn. Moreover, an embedding technique (for
mutual translating between formulas of multilattice logic and classical logic)
was effectively applied there for establishing some key results, such as the
cut-elimination, decidability and completeness of MLn, as well as modified
Craig interpolation and Maksimova separation theorems. Besides, a first-order
extension of MLn was formulated by adding implications, co-implications, u-
niversal quantifiers and existential quantifiers. It was shown in [17] that the
same theorems as those for MLn can be proved for this extension.

The main contribution of the present study is a construction of a simple
and natural Gentzen-type sequent calculus MMLn for the propositional mul-
tilattice logic with S4-like modalities. By using an embedding technique this
calculus is shown to be decidable, complete and cut-free. Moreover, it is proved
that the duality principle as a characteristic property of the multilattice logics
holds for MMLn and its fragments.

The structure of this paper can be summarized as follows. In Sect. 2 we
remind some key definitions connected to the notion of logical multilattice
and motivate its modal extension. In Sect. 3, two sequent calculi MMLn and
S4C are introduced, and two translation functions from MMLn into S4C and
vice versa are defined. In Sect. 4, several theorems for a syntactic embedding
MMLn into S4C and vice versa are proved, and the cut-elimination theorem
for MMLn is shown. MMLn is also shown to be decidable, and it is remarked
that modified Craig interpolation theorem and Maksimova separation theorem
hold. In Sect. 5, a Kripke semantics for MMLn is introduced, and several
theorems for a semantic embedding MMLn into S4C and vice versa are proved,
establishing thus the completeness of MMLn with respect to this semantics.
In Sect. 6, the duality principle for MMLn is proved.

2. Logical Multilattices and their Modal Extensions

Let us first recall the definition of a multilattice from [30] as an algebraic
structure with several partial orderings:
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Definition 2.1. An n-dimensional multilattice (or just n-lattice) is a structure

Mn = (S,�1, . . . ,�n),

where S is a non-empty set, and �1, . . . , �n are partial orderings each giv-
ing S the structure of a lattice, determining thus for each of the n lattices
the corresponding pairs of meet and join operations denoted by 〈�1,�1〉, . . . ,
〈�n,�n〉.

Besides meets and joins, a multilattice can be equipped with inversion
operations defined with respect to each ordering relation:

Definition 2.2. Let Mn = (S,�1, . . . ,�n) be a multilattice. Then for any j ≤ n
an unary operation −j on S is said to be a (pure) j-inversion iff for any k ≤ n,
k �= j the following conditions are satisfied:

(anti) x �j y ⇒ −jy �j −jx;
(iso) x �k y ⇒ −jx �k −jy;
(per2) −j −j x = x.

The following notion of a multifilter is a generalization of the notion of a
bifilter from [2]:

Definition 2.3. Let Mn = (S,�1, . . . ,�n) be an n-lattice, with pairs of meet
and join operations 〈�1,�1〉, . . . , 〈�n,�n〉. An n-filter (multifilter) on Mn is
a nonempty proper subset Fn ⊂ S, such that for every j ≤ n:

x �j y ∈ Fn ⇔ x ∈ Fn and y ∈ Fn.

A multifilter Fn is said to be prime iff it satisfies for every j ≤ n:

x �j y ∈ Fn ⇔ x ∈ Fn or y ∈ Fn.

A pair (Mn,Fn) is called a logical n-lattice (logical multilattice) iff Mn is a
multilattice, and Fn is a prime multifilter on Mn.

If we are interested in n-lattices with inversions existing for every j ≤ n,
we can consider the stronger notions of an ultramultifilter and ultralogical
multilattice.

Definition 2.4. Let Mn = (S,�1, . . . ,�n) be an n-lattice, with j-inversions
defined with respect to every �j (j ≤ n). Then Fn is an n-ultrafilter (ultra-
multifilter) on Mn if and only if it is a prime multifilter, such that for every
j, k ≤ n, j �= k: x ∈ Fn ⇔ −j −k x /∈ Fn. A pair (Mn,Fn) is called an
ultralogical n-lattice (ultralogical multilattice) iff Mn is a multilattice, and Fn

is an ultramultifilter on Mn.

Intuitively meet, join and inversion with respect to an ordering in a given
multilattice determine the corresponding connectives of conjunction, disjunc-
tion and negation. Thus, an n-lattice with inversions generates exactly n basic
pairs of conjunctions and disjunctions, accompanied with at least n negation-
like operators. The respective (ultra)multifilter represents then the set of desig-
nated elements used for defining the corresponding entailment relation. Having
an ultralogical multilattice, the corresponding minimal multilattice logic can
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be conceived as a system which operates solely with the connectives of conjunc-
tions, disjunctions and negations. For any n (>1), such multilattice logic was
formalized in [30] as a Gentzen-style sequent system GMLn. Some features of
this system were investigated further in [17], where its slightly modified version
MLn was presented.

Moreover, in [17] this minimal multilattice logic was extended by quan-
tifiers, implications and co-implications, determined for each j ≤ n by their
classical-type inference rules. In [19] system MLn was extended by the con-
nectives of intuitionistic and dual-intuitionistic implications, resulting thus
in the bi-intuitionistic multilattice logic. Moreover, another logic called bi-
intuitionistic connexive multilattice logic, was obtained there by replacing the
connectives of intuitionistic implication and co-implication with their connex-
ive variants.

In the next section we show how system MLn can be suitably extended to
obtain the modal multilattice logic MMLn. Namely, for every partial order ≤j

in a given multilattice we consider the object language operators for necessity
�j and possibility ♦j of S4-type. Algebraically this means an equipment of
the corresponding multilattices with Tarski interior and closure operations (cf.
[21,22], see also [6]). We can thus consider the notion of a modal multilattice
defined as follows:

Definition 2.5. A multilattice Mn = (S,�1, . . . ,�n) is said to be modal iff for
any j ≤ n the unary operations of interior Ij and closure Cj can be defined
on S, satisfying the following conditions:

(decreasing) Ij(x) �j x;
(idempotent) Ij(x) = IjIj(x);
(sub-multiplicative) Ij(x �j y) �j Ij(x) �j Ij(y).

(increasing) x �j Cj(x);
(idempotent) Cj(x) = CjCj(x);
(sub-additive) Cj(x) �j Cj(y) �j Cj(x �j y).

It is well known that operations of interior and closure are algebraic
counterparts of the necessity and possibility operators of S4-type, see, e.g.,
[6, p. 97]. Moreover, Lemmon [20] observes close connection between modal
algebras and Kripke model structures. In particular, he shows how one can
obtain natural representation theorems for his modal algebras in terms of
different model structures, and consequently gets the Kripke-type completeness
results for various modal logics [20, p. 56].

In what follows, we pursue a model-theoretic approach to the modal mul-
tilattice logic, and establish decidability, completeness and some other impor-
tant results by using an embedding technique. The exact coupling the paracon-
sistent Kripke models formulated in this paper with the underlying algebraic
structures of multilattices is a matter for future work.
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3. Sequent Calculi and Translation Functions

Let n (>1) be the positive integer determined by an n-lattice. Then, formulas
of modal multilattice (n-lattice) logic are defined using countably many propo-
sitional variables, logical connectives ∧j , ∨j , →j , ←j , ∼j , and modal operators
�j , ♦j , for every j ≤ n. We use small letters p, q, ... to denote propositional
variables, Greek small letters α, β, ... to denote formulas, and Greek capital
letters Γ,Δ, ... to denote finite (possibly empty) sets of formulas. We use an
expression �Γ (� ∈ {∼j ,�j ,♦j}) to denote the set {�γ | γ ∈ Γ}. A sequent is
an expression of the form Γ ⇒ Δ. We use an expression α ⇔ β to represent
the sequents α ⇒ β and β ⇒ α, and an expression L � Γ ⇒ Δ to represent the
fact that the sequent Γ ⇒ Δ is provable in a Gentzen-type sequent calculus L.

A Gentzen-type sequent calculus MMLn for the modal multilattice logic
is defined as follows.

Definition 3.1 (MMLn). Let n (>1) be the positive integer determined by
n-lattice, and j, k be any positive integers with j, k ≤ n and j �= k.

The initial sequents of MMLn are of the following form, for any proposi-
tional variable p,

p ⇒ p ∼jp ⇒ ∼jp.

The structural inference rules of MMLn are of the form:
Γ ⇒ Δ, α α,Σ ⇒ Π

Γ,Σ ⇒ Δ,Π
(cut) Γ ⇒ Δ

α,Γ ⇒ Δ
(we-left) Γ ⇒ Δ

Γ ⇒ Δ, α
(we-right).

The non-negated logical inference rules of MMLn are of the form:
α, β,Γ ⇒ Δ
α∧jβ,Γ ⇒ Δ

(∧j left)
Γ ⇒ Δ, α Γ ⇒ Δ, β

Γ ⇒ Δ, α∧jβ
(∧jright)

α,Γ ⇒ Δ β,Γ ⇒ Δ
α∨jβ,Γ ⇒ Δ

(∨j left)
Γ ⇒ Δ, α, β

Γ ⇒ Δ, α∨jβ
(∨jright)

Γ ⇒ Δ, α β,Σ ⇒ Π
α→jβ,Γ,Σ ⇒ Δ,Π

(→j left)
α,Γ ⇒ Δ, β

Γ ⇒ Δ, α→jβ
(→jright)

α,Γ ⇒ Δ, β

α←jβ,Γ ⇒ Δ
(←j left)

Γ ⇒ Δ, α β,Σ ⇒ Π
Γ,Σ ⇒ Δ,Π, α←jβ

(←jright).

The jj-negated logical inference rules of MMLn are of the form:
∼jα,Γ ⇒ Δ ∼jβ,Γ ⇒ Δ

∼j(α∧jβ),Γ ⇒ Δ
(∼j∧j left)

Γ ⇒ Δ,∼jα,∼jβ

Γ ⇒ Δ,∼j(α∧jβ)
(∼j∧jright)

∼jα,∼jβ,Γ ⇒ Δ
∼j(α∨jβ),Γ ⇒ Δ

(∼j∨j left)
Γ ⇒ Δ,∼jα Γ ⇒ Δ,∼jβ

Γ ⇒ Δ,∼j(α∨jβ)
(∼j∨jright)

∼jβ,Γ ⇒ Δ,∼jα

∼j(α→jβ),Γ ⇒ Δ
(∼j→j left)

Γ ⇒ Δ,∼jβ ∼jα,Σ ⇒ Π
Γ,Σ ⇒ Δ,Π,∼j(α→jβ)

(∼j→jright)

Γ ⇒ Δ,∼jβ ∼jα,Σ ⇒ Π
∼j(α←jβ),Γ,Σ ⇒ Δ,Π

(∼j←j left)
∼jβ,Γ ⇒ Δ,∼jα

Γ ⇒ Δ,∼j(α←jβ)
(∼j←jright)

α,Γ ⇒ Δ
∼j∼jα,Γ ⇒ Δ

(∼j∼j left)
Γ ⇒ Δ, α

Γ ⇒ Δ,∼j∼jα
(∼j∼jright).
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The kj-negated logical inference rules of MMLn are of the form:
∼kα,∼kβ,Γ ⇒ Δ
∼k(α∧jβ),Γ ⇒ Δ

(∼k∧j left)
Γ ⇒ Δ,∼kα Γ ⇒ Δ,∼kβ

Γ ⇒ Δ,∼k(α∧jβ)
(∼k∧jright)

∼kα,Γ ⇒ Δ ∼kβ,Γ ⇒ Δ
∼k(α∨jβ),Γ ⇒ Δ

(∼k∨j left)
Γ ⇒ Δ,∼kα,∼kβ

Γ ⇒ Δ,∼k(α∨jβ)
(∼k∨jright)

Γ ⇒ Δ,∼kα ∼kβ,Σ ⇒ Π
∼k(α→jβ),Γ,Σ ⇒ Δ,Π

(∼k→j left)
∼kα,Γ ⇒ Δ,∼kβ

Γ ⇒ Δ,∼k(α→jβ)
(∼k→jright)

∼kα,Γ ⇒ Δ,∼kβ

∼k(α←jβ),Γ ⇒ Δ
(∼k←j left)

Γ ⇒ Δ,∼kα ∼kβ,Σ ⇒ Π
Γ,Σ ⇒ Δ,Π,∼k(α←jβ)

(∼k←jright)

Γ ⇒ Δ, α

∼k∼jα,Γ ⇒ Δ
(∼k∼j left)

α,Γ ⇒ Δ
Γ ⇒ Δ,∼k∼jα

(∼k∼jright).

The non-negated modal inference rules of MMLn are of the form:

α,Γ ⇒ Δ
�jα,Γ ⇒ Δ

(�j left)
�jΓ,∼j♦jΣ,∼k�jΠ ⇒ α

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ �jα
(�jright)

α ⇒ ♦jΓ,∼j�jΣ,∼k♦jΠ
♦jα ⇒ ♦jΓ,∼j�jΣ,∼k♦jΠ

(♦j left)
Γ ⇒ Δ, α

Γ ⇒ Δ,♦jα
(♦jright).

The jj-negated modal inference rules of MMLn are of the form:
∼jα ⇒ ♦jΓ,∼j�jΣ,∼k♦jΠ

∼j�jα ⇒ ♦jΓ,∼j�jΣ,∼k♦jΠ
(∼j�j left)

Γ ⇒ Δ,∼jα

Γ ⇒ Δ,∼j�jα
(∼j�jright)

∼jα,Γ ⇒ Δ
∼j♦jα,Γ ⇒ Δ

(∼j♦j left)
�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼jα

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼j♦jα
(∼j♦jright).

The kj-negated modal inference rules of MMLn are of the form:

∼kα,Γ ⇒ Δ
∼k�jα,Γ ⇒ Δ

(∼k�j left)
�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼kα

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼k�jα
(∼k�jright)

∼kα ⇒ ♦jΓ,∼j�jΣ,∼k♦jΠ
∼k♦jα ⇒ ♦jΓ,∼j�jΣ,∼k♦jΠ

(∼k♦j left)
Γ ⇒ Δ,∼kα

Γ ⇒ Δ,∼k♦jα
(∼k♦jright).

A Gentzen-type sequent calculus S4C for the extended S4-normal modal
logic with co-implication is introduced below. Formulas of S4C are constructed
from countably many propositional variables, logical connectives ∧, ∨, →, ←,
¬, and modal operators �, ♦.

Definition 3.2 (S4C). The initial sequents of S4C are of the following form, for
any propositional variable p,

p ⇒ p.

The structural inference rules of S4C are the same as those of MMLn.
The logical inference rules of S4C are of the form:

α, β,Γ ⇒ Δ
α ∧ β,Γ ⇒ Δ

(∧left)
Γ ⇒ Δ, α Γ ⇒ Δ, β

Γ ⇒ Δ, α ∧ β
(∧right)

α,Γ ⇒ Δ β,Γ ⇒ Δ
α ∨ β,Γ ⇒ Δ

(∨left)
Γ ⇒ Δ, α, β

Γ ⇒ Δ, α ∨ β
(∨right)
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Γ ⇒ Δ, α β,Σ ⇒ Π
α→β,Γ,Σ ⇒ Δ,Π

(→left)
α,Γ ⇒ Δ, β

Γ ⇒ Δ, α→β
(→right)

α,Γ ⇒ Δ, β

α←β,Γ ⇒ Δ
(←left)

Γ ⇒ Δ, α β,Σ ⇒ Π
Γ,Σ ⇒ Δ,Π, α←β

(←right)

Γ ⇒ Δ, α

¬α,Γ ⇒ Δ
(¬left)

α,Γ ⇒ Δ
Γ ⇒ Δ,¬α

(¬right).

The modal inference rules of S4C are of the form:
α,Γ ⇒ Δ

�α,Γ ⇒ Δ
(�left) �Γ ⇒ α

�Γ ⇒ �α
(�right)

α ⇒ ♦Γ
♦α ⇒ ♦Γ

(♦left)
Γ ⇒ Δ, α

Γ ⇒ Δ,♦α
(♦right).

Some remarks concerning MMLn and S4C are given as follows.
1. The proposed system MMLn is regarded as a modal extension of the

original system GMLn introduced in [30] and the related systems studied
in [17].

2. The sequents of the form α ⇒ α for any formula α are provable in MMLn

and S4C. This fact can be shown by induction on α.
3. For any positive integers j and k with j, k ≤ n and j �= k, the following

sequents are provable in cut-free MMLn:
(a) ∼j(α→jβ) ⇔ ∼jβ←j∼jα,
(b) ∼j(α←jβ) ⇔ ∼jβ→j∼jα,
(c) ∼k(α→jβ) ⇔ ∼kα→j∼kβ,
(d) ∼k(α←jβ) ⇔ ∼kα←j∼kβ,
(e) ∼j�jα ⇔ ♦j∼jα,
(f) ∼j♦jα ⇔ �j∼jα,
(g) ∼k�jα ⇔ �j∼kα,
(h) ∼k♦jα ⇔ ♦j∼kα.

4. In [18,37] some Gentzen-type sequent calculi were studied, in which the
following sequents are provable, similar to the sequents (a)–(d) above:
(a) ∼(α→β) ⇔ ∼β←∼α,
(b) ∼(α←β) ⇔ ∼β→∼α.

5. The {♦,←}-free part of S4C is the standard Gentzen-type sequent cal-
culus for the normal modal logic S4 (see, e.g., [26]).

6. The co-implication connective ← and the modal operator ♦ are stan-
dardly definable in S4, and hence, the systems S4C and S4 are logically
equivalent.

7. It is well-known that the cut-elimination theorems holds for S4 (and
hence, for S4C), and that S4 is decidable (and hence, so is S4C).

8. The rules (�jright), (∼j♦jright) and (∼k�jright), however cumbersome
they may seem, are just generalizations of the standard S4C-rule (�right).
Indeed, the following sequents are provable in MMLn:
(a) ∼j♦jα ⇔ �j∼jα,
(b) ∼k�jα ⇔ �j∼kα.

Hence, the context �jΓ,∼j♦jΣ,∼k�jΠ in these rules can be equivalently
transformed into �jΓ,�j∼jΣ,�j∼kΠ, revealing thus its structure as a
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genuine generalization of �jΓ to formulas with paraconsistent negation-
s. Analogous considerations apply to the rules (♦j left), (∼j�j left) and
(∼k♦j left), and their relationships to the S4C-rule (♦left).

One can observe a beautiful duality between some inference rules in
MMLn, as well as in S4C, obtained by inverting all the sequents involved
in these rules. In this sense, the structural rules (we-left) and (we-right) are
dual to each other, whereas (cut) is self-dual. A connective is considered to
be self-dual, if there is a duality between its left and right logical rules. Such
are rules for negation operators, both in MMLn and in S4C. Two different
connectives are regarded as mutually dual, if and only if the right (left) logical
rule for the first connective is dual to the left (right) logical rule for the second
connective. In this way, ∧j and ∨j , �j and ♦j are dual to each other in MMLn,
as well as ∧ and ∨, � and ♦ are in S4C.

Remarkably, implications and co-implications considered in this paper,
both in MMLn and in S4C turn out to be not mutually dual. Indeed, a proper
dualization of (→left) and (→right) in S4C results in the following rules, which
are clearly different from (←left) and (←right):

β,Γ ⇒ Δ, α

α �→ β,Γ ⇒ Δ
(�→ left)

Γ ⇒ Δ, β α,Σ ⇒ Π
Γ,Σ ⇒ Δ,Π, α �→ β

(�→ right),

where �→ stands for the connective directly dual to S4-implication. In con-
trast, the co-implication connective ← of S4C above, governed by (←left) and
(←right), is not the direct dual S4-implication, but the converse of �→, i.e.
the converse dual S4-implication. It is a kind of a subtraction-operator, an
algebraic counterpart of which is a well-known operation of pseudo-difference.
Analogous observations hold true for the connectives →j , ←j , and their duals
in MMLn.

There is, however, a widespread tradition in the literature, by dualiz-
ing implication to deal not with the “straight” dual-implication, but with its
converse (subtraction), and we follow this tradition in the present paper. A
reader may consult [35, pp. 1084–1085] and [31, footnote 4] for more details
about this tradition, and the interrelations between implications, converse im-
plications and their duals. We will summarize the duality issue for MMLn by
a duality principle, discussed in Sect. 6 below.

Now, we define a translation function from formulas of MMLn into those
of S4C, and by using this function, we will show in the next section several
theorems for embedding MMLn into S4C.

Definition 3.3. Let n (>1) be the positive integer determined by n-lattice, and
let j, k be any positive integers with j, k ≤ n and j �= k. We fix a set Φ of
propositional variables and define for every j the sets Φj := {pj | p ∈ Φ}
of propositional variables. The language LMML of MMLn is defined using Φ,
∧j ,∨j ,→j ,←j , �j ,♦j and ∼j . The language LS4C of S4C is defined using Φ,
Φ1, . . . ,Φn, ∧, ∨, →, ←, �, ♦ and ¬. A mapping f from LMML to LS4C is
defined inductively by:
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1. For any p ∈ Φ, for any j ≤ n, f(p) := p and f(∼jp) := pj ∈ Φj ,
2. f(α∧jβ) := f(α) ∧ f(β),
3. f(α∨jβ) := f(α) ∨ f(β),
4. f(α→jβ) := f(α)→f(β),
5. f(α←jβ) := f(α)←f(β),
6. f(�jα) := �f(α),
7. f(♦jα) := ♦f(α),
8. f(∼j(α∧jβ)) := f(∼jα) ∨ f(∼jβ),
9. f(∼j(α∨jβ)) := f(∼jα) ∧ f(∼jβ),

10. f(∼j(α→jβ)) := f(∼jβ)←f(∼jα),
11. f(∼j(α←jβ)) := f(∼jβ)→f(∼jα),
12. f(∼j�jα) := ♦f(∼jα),
13. f(∼j♦jα) := �f(∼jα),
14. f(∼j∼jα) := f(α),
15. f(∼k(α∧jβ)) := f(∼kα) ∧ f(∼kβ),
16. f(∼k(α∨jβ)) := f(∼kα) ∨ f(∼kβ),
17. f(∼k(α→jβ)) := f(∼kα)→f(∼kβ),
18. f(∼k(α←jβ)) := f(∼kα)←f(∼kβ),
19. f(∼k�jα) := �f(∼kα),
20. f(∼k♦jα) := ♦f(∼kα),
21. f(∼k∼jα) := ¬f(α).

Note that definition of f , as well the definition of the converse transla-
tional function g below essentially depends on the corresponding languages
LMML and LS4C, which are fixed with respect to a given multilattice. More
concretely, having an initial set of propositional variables for LS4C and the
integer n for the given Mn the corresponding sets of propositional variables
Φj is easily definable for each j ≤ n.

In what follows expression f(Γ) denotes the result of replacing every
occurrence of a formula α in Γ by f(α). Analogous notation is used for the
other mappings discussed later.

Next, we introduce a translation function from formulas of S4C into those
of MMLn, and by using this function, we will show in the latter section several
theorems for embedding S4C into MMLn.

Definition 3.4. Let LMML and LS4C be the languages defined in Definition 3.3.
A mapping g from LS4C to LMML is defined inductively by:

1. For any j ≤ n, any p ∈ Φ, and any pj ∈ Φj , g(p) := p and g(pj) := ∼jp;
2. g(α ∧ β) := g(α)∧jg(β), where j is a fixed positive integer, such that

j ≤ n;
3. g(α ∨ β) := g(α)∨jg(β), where j is a fixed positive integer, such that

j ≤ n;
4. g(α→β) := g(α)→jg(β), where j is a fixed positive integer, such that

j ≤ n;
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5. g(α←β) := g(α)←jg(β), where j is a fixed positive integer, such that
j ≤ n;

6. g(¬α) := ∼k∼jg(α), where j and k are two fixed positive integers, such
that j, k ≤ n and j �= k;

7. g(�α) := �jg(α), where j is a fixed positive integer, such that j ≤ n;
8. g(♦α) := ♦jg(α), where j is a fixed positive integer, such that j ≤ n.

Some remarks on the above mentioned translation functions are given as
follows.

1. The translation function f in Definition 3.3 is an extension of the trans-
lation function introduced in [17] for the non-modal fragment of MMLn.

2. A similar translation has been used by Gurevich [12], Rautenberg [29]
and Vorob’ev [36] to embed Nelson’s constructive logic [1,23] into intu-
itionistic logic.

3. Some similar translations have also been studied in [13–16] to embed
some paraconsistent logics into classical logic.

4. The translation function g in Definition 3.4 is an extension of the transla-
tion function introduced in [17] for the non-modal fragment of S4C (i.e.,
a Gentzen-type sequent calculus LK for classical logic).

4. Syntactical Embedding and Cut-Elimination

Now, we can prove several theorems for syntactical embedding MMLn into
S4C. Similar theorems were proved in [17] for the non-modal fragments of
MMLn and S4C.

Theorem 4.1 (Weak syntactical embedding from MMLn into S4C). Let Γ, Δ
be sets of formulas in LMML, and f be the mapping defined in Definition 3.3.

1. If MMLn � Γ ⇒ Δ, then S4C � f(Γ) ⇒ f(Δ).
2. If S4C − (cut) � f(Γ) ⇒ f(Δ), then MMLn − (cut) � Γ ⇒ Δ.

Proof. • (1): By induction on the proofs P of Γ ⇒ Δ in MMLn. We distinguish
the cases according to the last inference of P , and show some cases.

1. Case (∼jp ⇒ ∼jp): The last inference of P is of the form: ∼jp ⇒ ∼jp for
any p ∈ Φ. In this case, we obtain S4C � f(∼jp) ⇒ f(∼jp), i.e., S4C �
pj ⇒ pj (pj ∈ Φj), by the definition of f .

2. Case (∼k∼j left): The last inference of P is of the form:
Γ ⇒ Δ, α

∼k∼jα,Γ ⇒ Δ
(∼k∼j left).

By induction hypothesis, we have S4C � f(Γ) ⇒ f(Δ), f(α). Then, we
obtain the required fact:
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....
f(Γ) ⇒ f(Δ), f(α)

¬f(α), f(Γ) ⇒ f(Δ)
(¬left)

where ¬f(α) coincides with f(∼k∼jα) by the definition of f .
3. Case (�jright): The last inference of P is of the form:

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ α

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ �jα
(�jright).

By induction hypothesis, we have S4C � f(�jΓ), f(∼j♦jΣ), f(∼k�jΠ)
⇒ f(α) where f(�jΓ), f(∼j♦jΣ) and f(∼k�jΠ) coincide with �f(Γ),
�f(∼jΣ) and �f(∼kΠ), respectively, by the definition of f . Then, we
obtain the required fact:

....
�f(Γ),�f(∼jΣ),�f(∼kΠ) ⇒ f(α)

�f(Γ),�f(∼jΣ),�f(∼kΠ) ⇒ �f(α)
(�right)

where �f(α) coincides with f(�jα) by the definition of f .
4. Case (∼j�j left): The last inference of P is of the form:

∼jα ⇒ ♦jΓ,∼j�jΣ,∼k♦jΠ
∼j�jα ⇒ ♦jΓ,∼j�jΣ,∼k♦jΠ

(∼j�j left).

By induction hypothesis, we have S4C � f(�jα) ⇒ f(♦jΓ), f(∼j�jΣ),
f(∼k♦jΠ) where f(♦jΓ), f(∼j�jΣ) and f(∼k♦jΠ) coincide with ♦f(Γ),
♦f(∼jΣ) and ♦f(∼kΠ), respectively, by the definition of f . Then, we ob-
tain the required fact:

....
f(∼jα) ⇒ ♦f(Γ),♦f(∼jΣ),♦f(∼kΠ)

♦f(∼jα) ⇒ ♦f(Γ),♦f(∼jΣ),♦f(∼kΠ)
(♦left)

where ♦f(∼jα) coincides with f(∼j�jα) by the definition of f .
5. Case (∼k�jright): The last inference of P is of the form:

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼kα

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼k�jα
(∼k�jright).

By induction hypothesis, we have S4C � f(�jΓ), f(∼j♦jΣ), f(∼k�jΠ)
⇒ f(∼kα) where f(�jΓ), f(∼j♦jΣ) and f(∼k�jΠ) coincide with �f(Γ),
�f(∼jΣ) and �f(∼kΠ), respectively, by the definition of f . Then, we
obtain the required fact:

....
�f(Γ),�f(∼jΣ),�f(∼kΠ) ⇒ f(∼kα)

�f(Γ),�f(∼jΣ),�f(∼kΠ) ⇒ �f(∼kα)
(�right)

where �f(∼kα) coincides with f(∼k�jα) by the definition of f .
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• (2): By induction on the proofs Q of f(Γ) ⇒ f(Δ) in S4C − (cut). We
distinguish the cases according to the last inference of Q, and show only the
following cases.

1. Case (¬left): The last inference of Q is of the form:

f(Γ) ⇒ f(Δ), f(α)
f(∼k∼jα), f(Γ) ⇒ f(Δ)

(¬left)

where f(∼k∼jα) coincides with ¬f(α) by the definition of f . By induc-
tion hypothesis, we have MMLn − (cut) � Γ ⇒ Δ, α. We thus obtain the
required fact:

....
Γ ⇒ Δ, α

∼k∼jα,Γ ⇒ Δ
(∼k∼j left).

2. Case (�right): The last inference of Q is (�right).
(a) Subcase (1): The last inference of Q is of the form:

f(�jΓ), f(∼j♦jΣ), f(∼k�jΠ) ⇒ f(α)
f(�jΓ), f(∼j♦jΣ), f(∼k�jΠ) ⇒ f(�jα)

(�right)

where f(�jΓ), f(∼j♦jΣ), f(∼k�jΠ) and f(�jα) coincide with
�f(Γ), �f(∼jΣ), �f(∼kΠ) and �f(α), respectively, by the def-
inition of f . By induction hypothesis, we have MMLn − (cut) �
�jΓ,∼j♦jΣ,∼k�jΠ ⇒ α. We thus obtain the required fact:

....
�jΓ,∼j♦jΣ,∼k�jΠ ⇒ α

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ �jα
(�jright).

(b) Subcase (2): The last inference of Q is of the form:

f(�jΓ), f(∼j♦jΣ), f(∼k�jΠ) ⇒ f(∼jα)
f(�jΓ), f(∼j♦jΣ), f(∼k�jΠ) ⇒ f(∼j♦jα)

(�right)

where f(�jΓ), f(∼j♦jΣ), f(∼k�jΠ) and f(∼j♦jα) coincide with
�f(Γ), �f(∼jΣ), �f(∼kΠ) and �f(∼jα), respectively, by the def-
inition of f . By induction hypothesis, we have MMLn − (cut) �
�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼jα. We thus obtain the required fact:

....
�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼jα

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼j♦jα
(∼j♦jright).

(c) Subcase (3): The last inference of Q is of the form:

f(�jΓ), f(∼j♦jΣ), f(∼k�jΠ) ⇒ f(∼kα)
f(�jΓ), f(∼j♦jΣ), f(∼k�jΠ) ⇒ f(∼k�jα)

(�right)

where f(�jΓ), f(∼j♦jΣ), f(∼k�jΠ) and f(∼k�jα) coincide with
�f(Γ), �f(∼jΣ), �f(∼kΠ) and �f(∼kα), respectively, by the def-
inition of f . By induction hypothesis, we have MMLn − (cut) �
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�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼kα. We thus obtain the required fact:
....

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼kα

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼k�jα
(∼k�jright).

�

Theorem 4.2 (Cut-elimination for MMLn). The rule (cut) is admissible in
cut-free MMLn.

Proof. Suppose MMLn � Γ ⇒ Δ. Then, we have S4C � f(Γ) ⇒ f(Δ) by The-
orem 4.1 (1), and hence S4C − (cut) � f(Γ) ⇒ f(Δ) by the cut-elimination
theorem for S4C. By Theorem 4.1 (2), we obtain MMLn − (cut) � Γ ⇒ Δ. �

Theorem 4.3 (Syntactical embedding from MMLninto S4C). Let Γ, Δ be sets
of formulas in LMML, and f be the mapping defined in Definition 3.3.

1. MMLn � Γ ⇒ Δ iff S4C � f(Γ) ⇒ f(Δ).
2. MMLn − (cut) � Γ ⇒ Δ iff S4C − (cut) � f(Γ) ⇒ f(Δ).

Proof. • (1): (=⇒): By Theorem 4.1 (1). (⇐=): Suppose S4C � f(Γ) ⇒ f(Δ).
Then we have S4C − (cut) � f(Γ) ⇒ f(Δ) by the cut-elimination theorem for
S4C. We thus obtain MMLn − (cut) � Γ ⇒ Δ by Theorem 4.1 (2). Therefore
we have MMLn � Γ ⇒ Δ.

• (2): (=⇒): Suppose MMLn − (cut) � Γ ⇒ Δ. Then we have MMLn �
Γ ⇒ Δ. We then obtain S4C � f(Γ) ⇒ f(Δ) by Theorem 4.1 (1). Therefore we
obtain S4C − (cut) � f(Γ) ⇒ f(Δ) by the cut-elimination theorem for S4C.
(⇐=): By Theorem 4.1 (2). �

Theorem 4.4 (Decidability for MMLn). MMLn is decidable.

Proof. By decidability of S4C, for each α, it is possible to decide if ⇒ f(α) is
provable in S4C. Then, by Theorem 4.3, MMLn is also decidable. �

An expression V (α) denotes the set of all propositional variables occur-
ring in α. By using Theorem 4.3, we can also obtain the following theorem
for MMLn. This theorem can be proved as a straightforward extension of the
proof of the same theorem in [17].

Theorem 4.5 (Modified Craig interpolation for MMLn). Let n (>1) be the
positive integer determined by n-lattice, and let j, k be any positive integers
with j, k ≤ n and j �= k. Suppose MMLn � α ⇒ β for any formulas α and β.
If V (α) ∩ V (β) �= ∅, then there exists a formula γ such that

1. MMLn � α ⇒ γ and MMLn � γ ⇒ β,
2. V (γ) ⊆ V (α) ∩ V (β).

If V (α) ∩ V (β) = ∅, then
3. MMLn � ⇒ ∼k∼jα or MMLn � ⇒ β.

By using Theorem 4.5, we can obtain the following theorem, which was
also discussed in [17].
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Theorem 4.6 (Maksimova’s separation for MMLn). Let n (>1) be the positive
integer determined by n-lattice, and let i be any positive integer with i ≤ n.
Suppose V (α1, α2) ∩ V (β1, β2) �= ∅ for any formulas α1, α2, β1 and β2. If
MMLn � α1 ∧i β1 ⇒ α2 ∨i β2, then either MMLn � α1 ⇒ α2 or MMLn �
β1 ⇒ β2.

Next, we show some theorems for syntactical embedding S4C into MMLn.
A similar theorem was shown in [17] for the non-modal fragments of MMLn

and S4C.

Theorem 4.7 (Weak syntactical embedding from S4C into MMLn). Let Γ, Δ
be sets of formulas in LS4C, and g be the mapping defined in Definition 3.4.

1. If S4C � Γ ⇒ Δ, then MMLn � g(Γ) ⇒ g(Δ).
2. If MMLn − (cut) � g(Γ) ⇒ g(Δ), then S4C − (cut) � Γ ⇒ Δ.

Proof. • (1): By induction on the proofs P of Γ ⇒ Δ in S4C. We distinguish
the cases according to the last inference of P , and show only the following
cases.

1. Case (pj ⇒ pj): The last inference of P is of the form: pj ⇒ pj for any
pj ∈ Φj . In this case, we obtain MMLn � g(pj) ⇒ g(pj), i.e., MMLn �
∼jp ⇒ ∼jp, by the definition of g.

2. Case (¬left): The last inference of P is of the form:

Γ ⇒ Δ, α

¬α,Γ ⇒ Δ
(¬left)

By induction hypothesis, we have MMLn � g(Γ) ⇒ g(Δ), g(α). We then
obtain the required fact:

....
f(Γ) ⇒ f(Δ), g(α)

∼k∼jg(α), g(Γ) ⇒ f(Δ)
(∼k∼j left)

where ∼k∼jg(α) coincides with g(¬α) by the definition of g.
3. Case (�right): The last inference of P is of the form:

�Γ ⇒ α
�Γ ⇒ �α

(�right)

By induction hypothesis, we have MMLn � g(�Γ) ⇒ g(α) where g(�Γ)
coincides with �jg(Γ) by the definition of g. We then obtain the required
fact:

....
�jg(Γ) ⇒ g(α)

�jg(Γ) ⇒ �jg(α)
(�jright)

where �jg(α) coincides with g(�α) by the definition of g.
• (2): By induction on the proofs Q of g(Γ) ⇒ g(Δ) in MMLn − (cut).

We distinguish the cases according to the last inference of Q, and show only
the following cases.
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1. Case (∼k∼j left): The last inference of Q is of the form:

g(Γ) ⇒ g(Δ), g(α)
∼k∼jg(α), g(Γ) ⇒ g(Δ)

(∼k∼j left)

where ∼k∼jg(α) coincides with g(¬α) by the definition of g. By induction
hypothesis, we have S4C − (cut) � Γ ⇒ Δ, α. We thus obtain the required
fact:

....
Γ ⇒ Δ, α

¬α,Γ ⇒ Δ
(¬left).

2. Case (�jright): The last inference of Q is of the form:

g(�Γ) ⇒ g(α)
g(�Γ) ⇒ �jg(α)

(�jright)

where g(�Γ) and �jg(α) coincide with �jg(Γ) and g(�α), respectively,
by the definition of g. By induction hypothesis, we have S4C − (cut) �
�Γ ⇒ α. We thus obtain the required fact:

....
�Γ ⇒ α

�Γ ⇒ �α
(�right).

�
Theorem 4.8 (Syntactical embedding from S4C into MMLn). Let Γ, Δ be sets
of formulas in LS4C, and g be the mapping defined in Definition 3.4.

1. S4C � Γ ⇒ Δ iff MMLn � g(Γ) ⇒ g(Δ).
2. S4C − (cut) � Γ ⇒ Δ iff MMLn − (cut) � g(Γ) ⇒ g(Δ).

Proof. By using Theorems 4.7 and 4.2. Similar to Theorem 4.3. �

5. Semantical Embedding and Completeness

We define a Kripke semantics for MMLn.

Definition 5.1. A structure 〈M,R〉 is called a Kripke frame if
1. M is a non-empty set,
2. R is a transitive and reflexive binary relation on M .

Definition 5.2. Let n (>1) be the positive integer determined by n-lattice,
and j, k be any positive integers with j, k ≤ n and j �= k. A paraconsistent
valuation |=p on a Kripke frame 〈M,R〉 is a mapping from the set Φ ∪ Φ∼ of
all propositional variables and negated propositional variables to the power set
2M of M . We will write x |=p p for x ∈ |=p (p). The paraconsistent valuation
|=p is extended to the mapping from the set of all formulas to 2M by:

1. x |=p α∧jβ iff x |=p α and x |=p β,
2. x |=p α∨jβ iff x |=p α or x |=p β,
3. x |=p α→jβ iff x �|=p α or x |=p β,
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4. x |=p α←jβ iff x |=p α and x �|=p β,
5. x |=p �jα iff ∀y ∈ M [xRy implies y |=p α],
6. x |=p ♦jα iff ∃y ∈ M [xRy and y |=p α],
7. x |=p ∼j(α∧jβ) iff x |=p ∼jα or x |=p ∼jβ,
8. x |=p ∼j(α∨jβ) iff x |=p ∼jα and x |=p ∼jβ,
9. x |=p ∼j(α→jβ) iff x |=p ∼jβ and x �|=p ∼jα,

10. x |=p ∼j(α←jβ) iff x |=p ∼jβ implies x |=p ∼jα,
11. x |=p ∼j�jα iff ∃y ∈ M [xRy and y |=p ∼jα],
12. x |=p ∼j♦jα iff ∀y ∈ M [xRy implies y |=p ∼jα],
13. x |=p ∼j∼jα iff x |=p α,
14. x |=p ∼k(α∧jβ) iff x |=p ∼kα and x |=p ∼kβ,
15. x |=p ∼k(α∨jβ) iff x |=p ∼kα or x |=p ∼kβ,
16. x |=p ∼k(α→jβ) iff x |=p ∼kα implies x |=p ∼kβ,
17. x |=p ∼k(α←jβ) iff x |=p ∼kα and x �|=p ∼kβ,
18. x |=p ∼k�jα iff ∀y ∈ M [xRy implies y |=p ∼kα],
19. x |=p ∼k♦jα iff ∃y ∈ M [xRy and y |=p ∼kα],
20. x |=p ∼k∼jα iff x �|=p α.

Incidentally, clauses 3 and 4 of this definition show that ←j is the converse
dual connective to →j . Indeed, the truth condition for the formula dual to
α→jβ should be x �|=p α and x |=p β, obtained by a direct dualization of the
truth condition for →j .

It is also noteworthy, that truth conditions for modal operators are mod-
eled here through a single (unified) accessibility relation, in contrast to a widely
accepted approach in many-valued modal logics, where each operator is usual-
ly equipped with its own accessibility relation. Such a definition anticipates a
possibility of a mutual translation between multilattice and usual modal logics.

Definition 5.3. A paraconsistent Kripke model is a structure 〈M,R, |=p〉, such
that

1. 〈M,R〉 is a Kripke frame,
2. |=p is a paraconsistent valuation on 〈M,R〉.

A formula α is true in a paraconsistent Kripke model 〈M,R, |=p〉 iff x |=p

α for any x ∈ M , and is MMLn-valid in a Kripke frame 〈M,R〉 iff it is true
for every paraconsistent valuation |=p on the Kripke frame.

In order to show a theorem for semantical embedding MMLn into S4C,
we present the standard Kripke semantics for S4C.

Definition 5.4. A valuation |= on a Kripke frame 〈M,R〉 is a mapping from the
set Φ of all propositional variables to the power set 2M of M . We will write
x |= p for x ∈ |= (p). The valuation |= is extended to a mapping from the set
of all formulas to 2M by:

1. x |= α ∧ β iff x |= α and x |= β,
2. x |= α ∨ β iff x |= α or x |= β,
3. x |= α→β iff x �|= α or x |= β,
4. x |= α←β iff x |= α and x �|= β,
5. x |= ¬α iff x �|= α,
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6. x |= �α iff ∀y ∈ M [xRy implies y |= α],
7. x |= ♦α iff ∃y ∈ M [xRy and y |= α].

Again, clauses 3 and 4 of this definition show that ← is the converse dual
connective to →. Indeed, the truth condition for the formula dual to α → β
should be x �|= α and x |= β, obtained by a direct dualization of the truth
condition for →.

Definition 5.5. A Kripke model is a structure 〈M,R, |=〉 such that
1. 〈M,R〉 is a Kripke frame,
2. |= is a valuation on 〈M,R〉.

A formula α is true in a Kripke model 〈M,R, |=〉 iff x |= α for any x ∈ M ,
and is S4C-valid in a Kripke frame 〈M,R〉 iff it is true for every valuation |=
on the Kripke frame.

The following completeness theorem for S4C is known. For any formula
α,

S4C � ⇒ α iff α is S4C-valid.
Next, we show a theorem for semantical embedding MMLn into S4C,

and by using this theorem, we show the Kripke completeness theorem for
MMLn. Prior to prove the semantical embedding theorem, we need to show
some lemmas.

Lemma 5.6. Let f be the mapping defined in Definition 3.3. For any paracon-
sistent Kripke model 〈M,R, |=p〉, we can construct a Kripke model 〈M,R, |=〉
such that for any formula α and any x ∈ M ,

x |=p α iff x |= f(α).

Proof. Let Φ be a set of propositional variables, Φ∼ be the set {∼jp | p ∈ Φ
& 1 ≤ j ≤ n} of negated propositional variables, and Φj (1 ≤ j ≤ n) be
the sets {pj | p ∈ Φ} of propositional variables. Suppose that 〈M,R, |=p〉
is a paraconsistent Kripke model where |=p is a mapping from Φ ∪ Φ∼ to
2M . Suppose that 〈M,R, |=〉 is a Kripke model where |= is a mapping from
Φ ∪ ⋃

1≤j≤n Φj to 2M such that for any x ∈ M and any p ∈ Φ,

1. x |=p p iff x |= p,
2. x |=p ∼jp iff x |= pj .

Then, the lemma is proved by induction on α.
• Base step:

1. Case when α is p, where p is a propositional variable: x |=p p iff x |= p
(by the assumption) iff x |= f(p) (by the definition of f).

2. Case when α is ∼jp, where p is a propositional variable: x |=p ∼jp iff
x |= pj (by the assumption) iff x |= f(∼jp) (by the definition of f).
• Induction step: We show some cases.

1. Case when α is β∧jγ: x |=p β∧jγ iff x |=p β and x |=p γ iff x |= f(β) and
x |= f(γ) (by induction hypothesis) iff x |= f(β) ∧ f(γ) iff x |= f(β∧jγ)
(by the definition of f).



N. Kamide, Y. Shramko Log. Univers.

2. Case when α is β→jγ: x |=p β→jγ iff x |=p β implies x |=p γ iff x |=
f(β) implies x |= f(γ) (by induction hypothesis) iff x |= f(β)→f(γ) iff
x |= f(β→jγ) (by the definition of f).

3. Case when α is �jβ: x |=p �jβ iff ∀y ∈ M [xRy implies y |=p β] iff
∀y ∈ M [xRy implies y |= f(β)] (by induction hypothesis) iff x |= �f(β)
iff x |= f(�jβ) (by the definition of f).

4. Case when α is ∼j∼jβ: x |=p ∼j∼jβ iff x |=p β iff x |= f(β) (by induction
hypothesis) iff x |= f(∼j∼jβ) (by the definition of f).

5. Case when α is ∼j(β∧jγ): x |=p ∼j(β∧jγ) iff x |=p ∼jβ or x |=p ∼jγ iff
x |= f(∼jβ) or x |= f(∼jγ) (by induction hypothesis) iff x |= f(∼jβ) ∨
f(∼jγ) iff x |= f(∼j(β∧jγ)) (by the definition of f).

6. Case when α is ∼j(β→jγ): x |=p ∼j(β→jγ) iff x |=p ∼jγ and x �|=p

∼jβ iff x |= f(∼jγ) and x �|= f(∼jβ) (by induction hypotheses) iff x |=
f(∼jγ)←f(∼jβ) iff x |= f(∼j(β→jγ)) (by the definition of f).

7. Case when α is ∼j�jβ: x |=p ∼j�jβ iff ∃y ∈ M [xRy and y |=p ∼jβ] iff
∃y ∈ M [xRy and y |= f(∼jβ)] (by induction hypothesis) iff x |= ♦f(∼jβ)
iff x |= f(∼j�jβ) (by the definition of f).

8. Case when α is ∼k∼jβ: x |=p ∼k∼jβ iff x �|=p (β) iff x �|= f(β) (by
induction hypothesis) iff x |= ¬f(β) iff x |= f(∼k∼jβ) (by the definition
of f).

9. Case when α is ∼k(β∧jγ): x |=p ∼k(β∧jγ) iff x |=p ∼kβ and x |=p ∼kγ iff
x |= f(∼kβ) and x |= f(∼kγ) (by induction hypothesis) iff x |= f(∼kβ)∧
f(∼kγ) iff x |= f(∼k(β∧jγ)) (by the definition of f).

10. Case when α is ∼k(β→jγ): x |=p ∼k(β→jγ) iff x |=p ∼kβ implies x |=p

∼kγ iff x |= f(∼kβ) implies x |= f(∼kγ) (by induction hypothesis) iff
x |= f(∼kβ)→f(∼kγ) iff x |= f(∼k(β→jγ)) (by the definition of f).

11. Case when α is ∼k�jβ: x |=p ∼k�jβ iff ∀y ∈ M [xRy implies y |=p ∼kβ]
iff ∀y ∈ M [xRy implies y |= f(∼kβ)] (by induction hypothesis) iff x |=
�f(∼kβ) iff x |= f(∼k�jβ) (by the definition of f).

�

Lemma 5.7. Let f be the mapping defined in Definition 3.3. For any Kripke
model 〈M,R, |=〉, we can construct a paraconsistent Kripke model 〈M,R, |=p〉
such that for any formula α and any x ∈ M ,

x |= f(α) iff x |=p α.

Proof. Similar to the proof of Lemma 5.6. �

Theorem 5.8 (Semantical embedding from MMLninto S4C). Let f be the map-
ping defined in Definition 3.3. For any formula α,

α is MMLn-valid iff f(α) is S4C-valid.

Proof. By Lemmas 5.6 and 5.7. �

Theorem 5.9 (Completeness for MMLn). For any formula α,

MMLn � ⇒ α iff α is MMLn-valid.
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Proof. We have the following. MMLn � ⇒ α iff S4C � ⇒ f(α) (by Theo-
rem 4.3) iff f(α) is S4C-valid (by the completeness theorem for S4C) iff α is
MMLn-valid (by Theorem 5.8). �

Next, we show a theorem for semantical embedding S4C into MMLn.

Lemma 5.10. Let g be the mapping defined in Definition 3.4. For any Kripke
model 〈M,R, |=〉, we can construct a paraconsistent Kripke model 〈M,R, |=p〉
such that for any formula α and any x ∈ M ,

x |= α iff x |=p g(α).

Proof. Let Φ be a set of propositional variables, Φ∼ be the set {∼jp | p ∈ Φ
& 1 ≤ j ≤ n} of negated propositional variables, and Φj (1 ≤ j ≤ n) be
the sets {pj | p ∈ Φ} of propositional variables. Suppose that 〈M,R, |=〉 is
a Kripke model where |= is a mapping from Φ ∪ ⋃

1≤j≤n Φj to 2M . Suppose
that 〈M,R, |=p〉 is a paraconsistent Kripke model where |=p is a mapping from
Φ ∪ Φ∼ to 2M such that for any x ∈ M and any p ∈ Φ,

1. x |=p p iff x |= p,
2. x |=p ∼jp iff x |= pj .

Then, the lemma is proved by induction on α.
• Base step:

1. Case when α is p, where p is a propositional variable: x |= p iff x |=p p
(by the assumption) iff x |=p g(p) (by the definition of g).

2. Case when α is pj , where p is a propositional variable: x |= pj iff x |=p ∼jp
(by the assumption) iff x |=p g(pj) (by the definition of g).
• Induction step: We show some cases.

1. Case when α is β ∧ γ: x |= β ∧ γ iff x |= β and x |= γ iff x |=p g(β) and
x |=p g(γ) (by induction hypothesis) iff x |=p g(β)∧jg(γ) iff x |=p g(β∧γ)
(by the definition of g).

2. Case when α is ¬β: x |= ¬β iff x �|= β iff x �|=p g(β) (by induction
hypothesis) iff x |=p ∼k∼jg(β) iff x |=p g(¬β) (by the definition of g).

3. Case when α is �β: x |= �β iff ∀y ∈ M [xRy implies y |= β] iff ∀y ∈
M [xRy implies y |=p g(β)] (by induction hypothesis) iff x |=p �jg(β) iff
x |= g(�β) (by the definition of g).

�
Lemma 5.11. Let g be the mapping defined in Definition 3.4. For any paracon-
sistent Kripke model 〈M,R, |=p〉, we can construct a Kripke model 〈M,R, |=〉
such that for any formula α and any x ∈ M ,

x |=p g(α) iff x |= α.

Proof. Similar to the proof of Lemma 5.10. �
Theorem 5.12 (Semantical embedding from S4C into MMLn). Let g be the
mapping defined in Definition 3.4. For any formula α,

α is S4C-valid iff g(α) is MMLn-valid.

Proof. By Lemmas 5.10 and 5.11. �
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6. Duality

Definition 6.1. Let n (>1) be the positive integer determined by n-lattice,
and let j be any positive integer with j ≤ n. We fix a set Φ of propositional
variables. The language LMML of MMLn is defined using Φ, ∧j ,∨j ,→j ,←j , �j ,
♦j and ∼j . A dualization function h can be defined inductively as a mapping
from LMML into LMML:

1. For any p ∈ Φ, h(p) := p,
2. h(α∧jβ) := h(α)∨jh(β),
3. h(α∨jβ) := h(α)∧jh(β),
4. h(α→jβ) := h(β)←jh(α),
5. h(α←jβ) := h(β)→jh(α),
6. h(�jα) := ♦jh(α),
7. h(♦jα) := �jh(α),
8. h(∼jα) := ∼jh(α).

Clauses 4 and 5 of this definition explicitly demonstrate that ←j is the
converse dual connective to →j , and vice versa.

The following theorem represents the duality principle for MMLn:

Theorem 6.2 (Syntactical embedding from MMLninto MMLn). Let Γ, Δ be
sets of formulas in LMML, and h be the mapping defined in Definition 6.1.

1. MMLn � Γ ⇒ Δ iff MMLn � h(Δ) ⇒ h(Γ).
2. MMLn − (cut) � Γ ⇒ Δ iff MMLn − (cut) � h(Δ) ⇒ h(Γ).

Proof. We show only (2) below.
• (=⇒): By induction on the cut-free proofs P of Γ ⇒ Δ in MMLn. We

distinguish the cases according to the last inference of P , and show some cases.

1. Case (∼jp ⇒ ∼jp): The last inference of P is of the form: ∼jp ⇒ ∼jp for
any p ∈ Φ. In this case, we obtain MMLn − (cut) � h(∼jp) ⇒ h(∼jp),
i.e., MMLn − (cut) � ∼jp ⇒ ∼jp, by the definition of h.

2. Case (∼j∧j left): The last inference of P is of the form:

∼jα,Γ ⇒ Δ ∼jβ,Γ ⇒ Δ
∼j(α∧jβ),Γ ⇒ Δ

(∼j∧j left).

By ind. hypothesis, we have MMLn − (cut) � h(Δ) ⇒ h(Γ), h(∼jα) and
MMLn − (cut) � h(Δ) ⇒ h(Γ), h(∼jβ) where h(∼jα) and h(∼jβ) coin-
cide with ∼jh(α) and ∼jh(β), respectively, by the definition of h. Then,
we obtain the required fact:

....
h(Δ) ⇒ h(Γ),∼jh(α)

....
h(Δ) ⇒ h(Γ),∼jh(β)

h(Δ) ⇒ h(Γ),∼j(h(α)∨jh(β))
(∼j∨jright)

where ∼j(h(α)∨jh(β)) coincides with h(∼j(α∧jβ)) by the definition of
h.
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3. Case (∼j→jright): The last inference of P is of the form:

Γ ⇒ Δ,∼jβ ∼jα,Σ ⇒ Π
Γ,Σ ⇒ Δ,Π,∼j(α←jβ)

(∼j→jright).

By ind. hypothesis, we have MMLn − (cut) � h(Π) ⇒ h(Σ), h(∼jα) and
MMLn − (cut) � h(∼jβ), h(Δ) ⇒ h(Γ) where h(∼jα) and h(∼jβ) coin-
cide with ∼jh(α) and ∼jh(β), respectively, by the definition of h. Then,
we obtain the required fact:

....
h(Π) ⇒ h(Σ),∼jh(α)

....
∼jh(β), h(Δ) ⇒ h(Γ)

∼j(h(β)←jh(α)), h(Π), h(Δ) ⇒ h(Σ), h(Γ)
(∼j←j left)

where ∼j(h(β)←jh(α)) coincides with h(∼j(α→jβ)) by the definition of
h.

4. Case (∼k→j left): The last inference of P is of the form:

Γ ⇒ Δ,∼kα ∼kβ,Σ ⇒ Π
∼k(α→jβ),Γ,Σ ⇒ Δ,Π

(∼k→j left).

By ind. hypothesis, we have MMLn − (cut) � h(Π) ⇒ h(Σ), h(∼kβ) and
MMLn − (cut) � h(∼kα), h(Δ) ⇒ h(Γ) where h(∼kα) and h(∼kβ) coin-
cide with ∼kh(α) and ∼kh(β), respectively, by the definition of h. Then,
we obtain the required fact:

....
h(Π) ⇒ h(Σ),∼kh(β)

....
∼kh(α), h(Δ) ⇒ h(Γ)

h(Π), h(Δ) ⇒ h(Σ), h(Γ),∼k(h(β)←jh(α))
(∼k←jright)

where ∼k(h(β)←jh(α)) coincides with h(∼k(α→jβ)) by the definition of
h.

5. Case (∼k∼j left): The last inference of P is of the form:

Γ ⇒ Δ, α

∼k∼jα,Γ ⇒ Δ
(∼k∼j left).

By induction hypothesis, we have MMLn − (cut) � h(α), h(Δ) ⇒ h(Γ).
Then, we obtain the required fact:

....
h(α), h(Δ) ⇒ h(Γ)

h(Δ) ⇒ h(Γ),∼k∼jh(α)
(∼k∼jright)

where ∼k∼jh(α) coincides with h(∼k∼jα) by the definition of h.
6. Case (�jright): The last inference of P is of the form:

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ α

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ �jα
(�jright).

By induction hypothesis, we have MMLn − (cut) � h(α) ⇒ h(�jΓ),
h(∼j♦jΣ), h(∼k�jΠ) where h(�jΓ), h(∼j♦jΣ) and h(∼k�jΠ) coincide
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with ♦jh(Γ), ∼j�jh(Σ) and ∼k♦jh(Π), respectively, by the definition of
h. Then, we obtain the required fact:

....
h(α) ⇒ ♦jh(Γ),∼j�jh(Σ),∼k♦jh(Π)

♦jh(α) ⇒ ♦jh(Γ),∼j�jh(Σ),∼k♦jh(Π)
(♦j left)

where ♦jh(α) coincides with h(�jα) by the definition of h.
7. Case (∼j�j left): The last inference of P is of the form:

∼jα ⇒ ♦jΓ,∼j�jΣ,∼k♦jΠ
∼j�jα ⇒ ♦jΓ,∼j�jΣ,∼k♦jΠ

(∼j�j left).

By induction hypothesis, we have MMLn − (cut) � h(♦jΓ), h(∼j�jΣ),
h(∼k♦jΠ) ⇒ h(∼jα) where h(♦jΓ), h(∼j�jΣ), h(∼k♦jΠ) and h(∼jα)
coincide with �jh(Γ), ∼j♦jh(Σ), ∼k�jh(Π) and ∼jh(α), respectively,
by the definition of h. Then, we obtain the required fact:

....
�jh(Γ),∼j♦jh(Σ),∼k�jh(Π) ⇒ ∼jh(α)

�jh(Γ),∼j♦jh(Σ),∼k�jh(Π) ⇒ ∼j♦jh(α)
(∼j♦jright)

where ∼j♦jh(α) coincides with h(∼j�jα) by the definition of h.
8. Case (∼k�jright): The last inference of P is of the form:

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼kα

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼k�jα
(∼k�jright).

By induction hypothesis, we have MMLn − (cut) � h(∼kα) ⇒ h(�jΓ),
h(∼j♦jΣ), h(∼k�jΠ) where h(∼kα), h(�jΓ), h(∼j♦jΣ) and h(∼k�jΠ)
coincide with ∼kh(α), ♦jh(Γ), ∼j�jh(Σ) and ∼k♦jh(Π), respectively,
by the definition of h. Then, we obtain the required fact:

....
∼kh(α) ⇒ ♦jh(Γ),∼j�jh(Σ),∼k♦jh(Π)

∼k♦jh(α) ⇒ ♦jh(Γ),∼j�jh(Σ),∼k♦jh(Π)
(∼k♦j left)

where ∼k♦jh(α) coincides with h(∼k�jα) by the definition of h.

• (⇐=): By induction on the cut-free proofs Q of h(Γ) ⇒ h(Δ) in MMLn.
We distinguish the cases according to the last inference of Q, and show some
cases.

1. Case (∼k∼j left): The last inference of Q is of the form:

h(Γ) ⇒ h(Δ), h(α)
h(∼k∼jα), h(Γ) ⇒ h(Δ)

(∼k∼j left)

where h(∼k∼jα) coincides with ∼k∼jh(α) by the definition of h. By
induction hypothesis, we have MMLn − (cut) � α,Δ ⇒ Γ. We thus obtain
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the required fact:
....

α,Δ ⇒ Γ
Δ ⇒ Γ,∼k∼jα

(∼k∼jright).

2. Case (∼j→jright): The last inference of Q is of the form:

h(Γ) ⇒ h(Δ), h(∼jβ) h(∼jα), h(Σ) ⇒ h(Π)
h(Γ), h(Σ) ⇒ h(Δ), h(Π), h(∼j(β←jα))

(∼j→jright)

where h(∼jα), h(∼jβ) and h(∼j(β←jα)) coincide with ∼jh(α), ∼jh(β)
and ∼j(h(α)→jh(β)), respectively, by the definition of h. By induction
hypothesis, we have , MMLn − (cut) � Π ⇒ Σ,∼jα and MMLn − (cut)
� ∼jβ,Δ ⇒ Γ. We thus obtain the required fact:

....
Π ⇒ Σ,∼jα

....
∼jβ,Δ ⇒ Γ

∼j(β←jα),Π,Δ ⇒ Σ,Γ
(∼j←j left).

3. Case (∼k→j left): The last inference of Q is of the form:

h(Γ) ⇒ h(Δ), h(∼kα) h(∼kβ), h(Σ) ⇒ h(Π)
h(∼k(β←jα)), h(Γ), h(Σ) ⇒ h(Δ), h(Π)

(∼k→j left)

where h(∼kα), h(∼kβ) and h(∼k(β←jα)) coincide with ∼kh(α), ∼kh(β)
and ∼k(h(α)→jh(β)), respectively, by the definition of h. By induction
hypothesis, we have , MMLn − (cut) � Π ⇒ Σ,∼kβ and MMLn − (cut)
� ∼kα,Δ ⇒ Γ. We thus obtain the required fact:

....
Π ⇒ Σ,∼kβ

....
∼kα,Δ ⇒ Γ

Π,Δ ⇒ Σ,Γ,∼k(β←jα)
(∼k←jright).

4. Case (∼j�j left): The last inference of Q is of the form:

h(∼jα) ⇒ h(�jΓ), h(∼j♦jΣ), h(∼k�jΠ)
h(∼j♦jα) ⇒ h(�jΓ), h(∼j♦jΣ), h(∼k�jΠ)

(∼j�j left)

where h(∼j♦jα), h(�jΓ), h(∼j♦jΣ) and h(∼k�jΠ) coincides with
∼j�jh(α), ♦jh(Γ), ∼j�jh(Σ) and ∼k♦jh(Π), respectively, by the defini-
tion of h. By induction hypothesis, we have MMLn − (cut) �
�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼jα. We thus obtain the required fact:

....
�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼jα

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ ∼j♦jα
(∼j♦jright).

�
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7. Concluding Remarks

The very idea of combining many-valued and modal logics within a joint frame-
work is not new. Some traditional results in that respect are found, for example,
in [8,9] and the references therein. Nevertheless, the modal extensions of the
bilattice, trilattice and tetralattice logics have not yet been studied intensively.
Some many-valued modal logics over finite residuated lattices were considered
by Bou et al. [5], with a special attention to some basic classes of Kripke frames
and their axiomatizations. One may refer also to [24,25,28], where some modal
extensions of Belnap–Dunn four-valued logic are considered, and certain prop-
erties of such logics from a proof-theoretic, semantic and algebraic standpoints
are analyzed.

In particular, Odintsov and Wansing [25] introduce some four- and three-
valued modal logics, which are extensions of Belnap–Dunn four-valued logic
and its three-valued variant, providing them with the sound and complete
tableau calculi, Kripke semantics and modal algebras with twist structures.
A family of four-valued modal logics, which are modal extensions of Belnap–
Dunn four-valued logic, has recently been studied by Rivieccio et al. [28], by
considering the many-valued Kripke structures and their counterpart modal
algebras in the sense of the topological duality theory. Odintsov and Speranski
[24] deal with a Belnapian version BK of the least normal modal logic K with
addition of strong negation, and carry out a systematic study of the lattices
of logics containing BK.

By way of comparison, it can be said that each of the aforementioned
works and our present study are based on different algebraic structures: resid-
uated lattices are adopted in [5], bilattices or Belnap lattices are adopted in
[25], (modal) bilattices are adopted in [28], BK-lattices with twist structure
were adopted in [24], and multilattices are adopted in our study. From the
point of view of Kripke semantics, both many-valued accessibility relations
and many-valued valuations have been introduced and studied. For example,
many-valued accessibility relations were introduced by Fitting [8,9]. Our Krip-
ke semantics uses many-valued valuations, since these are simple and compat-
ible with the standard Kripke semantics for normal modal logics.

In the present paper we have proposed also a more systematic approach
to modalities in a context of multilattice logics, without limitation to the di-
mension of a multilattice under consideration. A distinctive feature of this
approach is an admission of exactly n modalities of certain kind, each corre-
sponding to an ordering relation in a given multilattice.

The resulting Gentzen-type sequent system MMLn presents a simple and
uniform framework for dealing with modal notions in a generalized paracon-
sistent perspective. We equipped MMLn with modalities of S4-type, but it
could also be interesting to examine other types of modalities incorporated in
a multilattice framework.

For example, it is possible to obtain from MMLn the modalities of S5-
type by abandoning the single formula restriction in the sequents of the rules



Modal Multilattice Logic

(�jright), (∼j♦jright), (∼k�jright), (♦j left), (∼j�j left), (∼k♦j left), and sup-
plementing them with an appropriate context. Thus, the rule (�jright) would
take then the following form:

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ �jΔ,∼j♦jΘ,∼k�jΛ, α

�jΓ,∼j♦jΣ,∼k�jΠ ⇒ �jΔ,∼j♦jΘ,∼k�jΛ,�jα
,

and similarly for other rules just mentioned.
The embeddings of this modified system with S5-modalities into S5C

(the S5 analogue of S4C) and vice versa, as well as almost all the results
demonstrated in the present paper with respect to MMLn, should equally
hold for the modified systems with S5-modalities. It is known, however, that
the Gentzen-type sequent calculus for S5, obtained from S4 by abandoning
the above mentioned restriction, is not cut-free (see e.g., [27]), and hence,
cut-elimination fails in the modified system as well. Finding thus a natural
formulation of a cut-free modal multilattice logic with S5-modalities is an
interesting task deserving special investigation.
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