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Abstract. In this paper, bi-intuitionistic multilattice logic, which is a combination of

multilattice logic and the bi-intuitionistic logic also known as Heyting–Brouwer logic, is

introduced as a Gentzen-type sequent calculus. A Kripke semantics is developed for this

logic, and the completeness theorem with respect to this semantics is proved via theorems

for embedding this logic into bi-intuitionistic logic. The logic proposed is an extension

of first-degree entailment logic and can be regarded as a bi-intuitionistic variant of the

original classical multilattice logic determined by the algebraic structure of multilattices.

Similar completeness and embedding results are also shown for another logic called bi-

intuitionistic connexive multilattice logic, obtained by replacing the connectives of intu-

itionistic implication and co-implication with their connexive variants.

Keywords: First-degree entailment logic, Multilattices, Bi-intuitionistic logic, Connexive

logic.

Introduction

The aim of this paper is to expand the realm of the first-degree entailment
logic (FDE) first presented by Anderson and Belnap [2,3,5], and justified
semantically by Dunn [9] and Belnap [7,8]. FDE, also called Belnap and
Dunn’s four-valued logic, is widely considered to be very useful for a number
of different purposes in philosophy and computer science. This logic is based
on a compound algebraic structure known as a bilattice [10–12] and allows
various natural generalizations that can be pursued along different lines.

One such line leads to the notion of a trilattice [32] and—more generally—
multilattice, resulting in logical systems comprising more than one con-
sequence relation, notably bi-consequence systems [25,26,33] and multi-
consequence systems [31]. Another way of generalizing FDE was developed
by Arieli and Avron [6] under the name of logical bilattices, which determine
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logical systems handling simultaneously operations under both bilattice or-
derings. A transition to logical multilattices seems then very natural as well,
and one can find in [31] a sketch of a theory of logical multilattices based on
lattices with n (∈ N) ordering relations.

Exactly as logical systems resting on the algebraic structure of bilattices
can be collectively referred to as bilattice logics, the more general realm of
multilattice logics can be considered as consisting of various systems induced
by multilattices and their ordering relations. These relations can represent
various possible characterizations of a given set of truth values in terms of in-
formation, truth, falsity, constructivity, modality, certainty, etc. In [17], some
theorems for syntactic and semantic embeddings of a Gentzen-type sequent
calculus MLn for multilattice logic into a Gentzen-type sequent calculus LK
for classical logic and vice versa were shown, and the cut-elimination, decid-
ability and completeness theorems for MLn were proved via these embedding
theorems.

In the present paper, we develop a bi-intuitionistic version of classical
multilattice logic, which comprises both intuitionistic-type connectives and
their duals instead of the classical ones. An intuitionistic formalization is
known to be appropriate for representing consistent information based on
Kripke semantics, whereas the dual-intuitionistic co-negation falls into the
category of paraconsistent operators. In this respect, we need both types of
connectives—most notably, intuitionistic implication and co-implication—
in the language of the underlying multilattice logic. We thus adopt bi-
intuitionistic logic as the underlying logic for the multilattice logical for-
malism developed in this paper. We show also how another logic, called bi-
intuitionistic connexive multilattice logic, can be obtained by replacing the
connectives of intuitionistic implication and co-implication with their con-
nexive variants. A Kripke semantics can be developed for all these logics,
and the completeness theorem with respect to this semantics can be proved
through the embedding technique. The results of this paper include a com-
bined extension of the results of both the paper [17] for classical multilattice
logic and the paper [20] for bi-intuitionistic connexive logic.

Bi-intuitionistic logic, also called Heyting–Brouwer logic, was originally
introduced by Rauszer [27–29], who proved the corresponding Kripke com-
pleteness theorem. Various sequent calculi for bi-intuitionistic logic have
been proposed by several researchers (see, e.g., [13]), since the original
Gentzen-type sequent calculus by Rauszer does not enjoy cut-elimination.
Bi-intuitionistic logic is also known to be a logic that has a translation
into the future-past tense logic KtT4 [21,43]. A modal logic based on bi-
intuitionistic logic was also studied by �Lukowski in [22]. An alternative bi-
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intuitionistic logic with a different understanding of co-implication, called
2Int, was proposed in [39,41] for combining the notions of verification and
its dual. A connexive variant of 2Int is studied in [42].

Connexive logics are known to be nonclassical logics motivated by the
idea of formalizing a coherence between the premises and conclusions of valid
inferences (as in relevance logic) or between formulas of a certain form; for a
survey see [40]. Some modern perspectives of connexive logics were given by
Angell [4] and McCall [23], although the origins of connexive logics ascend to
Aristotle and Boethius. An intuitionistic (or constructive) connexive modal
logic, which is a constructive connexive analogue of the smallest normal
modal logic K, was introduced in [37]. Bi-intuitionistic connexive logic, which
is an integration of bi-intuitionistic logic and the non-modal fragment of the
intuitionistic connexive modal logic, was originally introduced in [38] as a
cut-free display calculus. A version of bi-intuitionistic connexive logic, BCL,
also called connexive Heyting–Brouwer logic, was introduced in [20] as a
Gentzen-type sequent calculus, and the completeness theorem with respect
to a Kripke semantics was proved for BCL.

The subsequent exposition can be summarized as follows. In Section 1
we recapitulate the main idea of logical multilattices and the notion of a
multilattice logic. In Section 2, Gentzen-type sequent calculi BMLn and BL
for bi-intuitionistic multilattice (n-lattice) logic and bi-intuitionistic logic,
respectively, are introduced, and Kripke semantics for these logics are intro-
duced and explained. In Section 3, theorems for a syntactic and semantic
embedding of BMLn into BL and vice versa are proved, and the Kripke com-
pleteness theorem for BMLn is obtained from these embedding theorems.
In Section 4, similar completeness and embedding results are shown for bi-
intuitionistic connexive multilattice logic.

1. The Idea of Logical Multilattices

Let us first recall the definition of a multilattice from [31] as an algebraic
structure with several partial orderings:

Definition 1.1. An n-dimensional multilattice (or just n-lattice) is a struc-
ture

Mn = (S,�1, . . . ,�n),

where S is a non-empty set, and �1, . . . , �n are partial orderings each giving
S the structure of a lattice, determining thus for each of the n lattices the
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corresponding pairs of meet and join operations denoted by 〈�1,�1〉, . . . ,
〈�n,�n〉.

Besides meets and joins, a multilattice may come with inversion opera-
tions defined with respect to each ordering relation:

Definition 1.2. Let Mn = (S,�1, . . . ,�n) be a multilattice. Then for any
j ≤ n an unary operation −j on S is said to be a (pure) j-inversion iff for
any k ≤ n, k 	= j the following conditions are satisfied:

(anti) x �j y ⇒ −jy �j −jx;
(iso) x �k y ⇒ −jx �k −jy;
(per2) −j −j x = x.

Thus, in a multilattice-framework any inversion defined relative to some
partial order is an involution operation, antitone with respect to this par-
ticular order and isotone with respect to all the remaining orderings. The
following notion of a multifilter is a generalization of the notion of a bifilter
from [6]:

Definition 1.3. Let Mn = (S,�1, . . . ,�n) be an n-lattice, with pairs of
meet and join operations 〈�1,�1〉, . . . , 〈�n,�n〉. An n-filter (multifilter) on
Mn is a nonempty proper subset Fn ⊂ S, such that for every j ≤ n:

x �j y ∈ Fn ⇔ x ∈ Fn and y ∈ Fn.

A multifilter Fn is said to be prime iff it satisfies for every j ≤ n:

x �j y ∈ Fn ⇔ x ∈ Fn or y ∈ Fn.

A pair (Mn,Fn) is called a logical n-lattice (logical multilattice) iff Mn is
a multilattice, and Fn is a prime multifilter on Mn.

If we are interested in n-lattices with inversions existing for every j ≤ n,
the stronger notions of an ultramultifilter and ultralogical multilattice are in
order.

Definition 1.4. Let Mn = (S,�1, . . . ,�n) be an n-lattice, with j-inversions
defined with respect to every �j (j ≤ n). Then Fn is an n-ultrafilter (ul-
tramultifilter) on Mn if and only if it is a prime multifilter, such that for
every j, k ≤ n, j 	= k: x ∈ Fn ⇔ −j −k x /∈ Fn. A pair (Mn,Fn) is called
an ultralogical n-lattice (ultralogical multilattice) iff Mn is a multilattice,
and Fn is an ultramultifilter on Mn.

Intuitively, meet, join and inversion with respect to an ordering in a
given multilattice determine the corresponding connectives of conjunction,
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disjunction and negation. Thus, an n-lattice with inversions generates ex-
actly n basic pairs of conjunctions and disjunctions, accompanied with at
least n negation-like operators. The respective (ultra)multifilter represents
then the set of designated elements used for defining the entailment relation,
as is standardly done in many-valued logic.1 Having an ultralogical multi-
lattice, the corresponding minimal multilattice logic can be conceived as a
system which operates solely with the connectives of conjunctions, disjunc-
tions and negations. For any n (>1), such multilattice logic was formalized
in [31] as a Gentzen-style sequent system GMLn, and some of the features of
the systems GMLn were investigated further in [17]. Moreover, in [17] this
minimal multilattice logic was extended by quantifiers, implications and co-
implications, determined for each j ≤ n by their classical-type inference
rules. These additional logical constants receive then not a lattice-theoretic,
but a model-semantic characterization by suitable model constructions.

In the next section we will explore a way of extending the basic set
of multilattice-operations by the connectives of intuitionistic and dual-in-
tuitionistic implications to obtain the desired bi-intuitionistic multilattice
logic. It also turns out that the multilattice inversion operations can be then
effectively used for modeling intuitionistic and dual-intuitionistic negations.
As a result, we obtain multi-consequence constructive and connexive exten-
sions of the basic paraconsistent logic FDE.

2. Sequent Calculus and Kripke Semantics for Bi-intuitionistic
Multilattice Logic

Formulas of bi-intuitionistic n-lattice logic are constructed from countably
many propositional variables by logical connectives ∧j , ∨j , →j , ←j and
∼j for every j ≤ n, where n is the positive integer determined by a given
n-lattice. Having some j ≤ n, we can speak of these connectives as of j-
conjunction, j-disjunction, j-implication, j-co-implication and j-negation
correspondingly. Throughout this paper in any concatenation of two con-
nectives ∼j∼k or ∼k∼j , where j 	= k, it is presupposed that j < k. In what
follows, we use small letters p, q, . . . to denote propositional variables, Greek
small letters α, β, . . . to denote formulas, and Greek capital letters Γ, Δ, . . .
to denote finite (possibly empty) sets of formulas. We use the symbol ≡ to

1In [33,34], entailment is defined as order-preservation under all valuations of atomic
formulas. In the case of FDE, preservation of the truth order in the smallest non-trivial
bilattice FOUR and preservation of the designated values “told true only” and “told both
true and false” from that bilattice coincide.
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represent the equality of symbols. A sequent is an expression of the form
Γ ⇒ Δ. An expression α ⇔ β is used to represent the sequents α ⇒ β and
β ⇒ α. An expression L � Γ ⇒ Δ means that the sequent Γ ⇒ Δ is provable
in a sequent calculus L.

The Gentzen-type sequent calculus BMLn for bi-intuitionistic n-lattice
logic is defined as follows.

Definition 2.1 (BMLn). Let n (>1) be the positive integer determined by
some n-lattice, j, k be any positive integers with j, k ≤ n and j 	= k (and
j < k in ∼j∼k and ∼k∼j).

The initial sequents of BMLn are of the following form, for any proposi-
tional variable p,

p ⇒ p ∼jp ⇒ ∼jp.

The structural inference rules of BMLn are of the form:
Γ ⇒ Δ, α α,Σ ⇒ Π

Γ, Σ ⇒ Δ, Π
(cut)

Γ ⇒ Δ
α,Γ ⇒ Δ

(we-left) Γ ⇒ Δ
Γ ⇒ Δ, α

(we-right).

The logical inference rules of BMLn are of the form:

Γ ⇒ Δ, α β,Σ ⇒ Π
α→jβ,Γ, Σ ⇒ Δ, Π

(→j left)
α,Γ ⇒ β

Γ ⇒ α→jβ
(→jright)

α ⇒ Δ, β

α←jβ ⇒ Δ
(←j left)

Γ ⇒ Δ, α β,Σ ⇒ Π
Γ, Σ ⇒ Δ, Π, α←jβ

(←jright)

α, β,Γ ⇒ Δ
α∧jβ,Γ ⇒ Δ

(∧j left)
Γ ⇒ Δ, α Γ ⇒ Δ, β

Γ ⇒ Δ, α∧jβ
(∧jright)

α,Γ ⇒ Δ β,Γ ⇒ Δ
α∨jβ,Γ ⇒ Δ

(∨j left)
Γ ⇒ Δ, α, β

Γ ⇒ Δ, α∨jβ
(∨jright)

∼jβ ⇒ Δ,∼jα

∼j(α→jβ) ⇒ Δ
(∼j→j left)

Γ ⇒ Δ,∼jβ ∼jα,Σ ⇒ Π
Γ, Σ ⇒ Δ, Π,∼j(α→jβ)

(∼j→jright)

Γ ⇒ Δ,∼jβ ∼jα,Σ ⇒ Π
∼j(α←jβ), Γ, Σ ⇒ Δ, Π

(∼j←j left)
∼jβ,Γ ⇒ ∼jα

Γ ⇒ ∼j(α←jβ)
(∼j←jright)

∼jα,Γ ⇒ Δ ∼jβ,Γ ⇒ Δ
∼j(α∧jβ), Γ ⇒ Δ

(∼j∧j left)
Γ ⇒ Δ,∼jα,∼jβ

Γ ⇒ Δ,∼j(α∧jβ)
(∼j∧jright)
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∼jα,∼jβ,Γ ⇒ Δ
∼j(α∨jβ), Γ ⇒ Δ

(∼j∨j left)
Γ ⇒ Δ,∼jα Γ ⇒ Δ,∼jβ

Γ ⇒ Δ,∼j(α∨jβ)
(∼j∨jright)

α,Γ ⇒ Δ
∼j∼jα,Γ ⇒ Δ

(∼j∼j left)
Γ ⇒ Δ, α

Γ ⇒ Δ,∼j∼jα
(∼j∼jright)

Γ ⇒ Δ,∼kα ∼kβ,Σ ⇒ Π
∼k(α→jβ), Γ, Σ ⇒ Δ, Π

(∼k→j left)
∼kα,Γ ⇒ ∼kβ

Γ ⇒ ∼k(α→jβ)
(∼k→jright)

∼kα ⇒ Δ,∼kβ

∼k(α←jβ) ⇒ Δ
(∼k←j left)

Γ ⇒ Δ,∼kα ∼kβ,Σ ⇒ Π
Γ, Σ ⇒ Δ, Π,∼k(α←jβ)

(∼k←jright)

∼kα,∼kβ,Γ ⇒ Δ
∼k(α∧jβ), Γ ⇒ Δ

(∼k∧j left)
Γ ⇒ Δ,∼kα Γ ⇒ Δ,∼kβ

Γ ⇒ Δ,∼k(α∧jβ)
(∼k∧jright)

∼kα,Γ ⇒ Δ ∼kβ,Γ ⇒ Δ
∼k(α∨jβ), Γ ⇒ Δ

(∼k∨j left)
Γ ⇒ Δ,∼kα,∼kβ

Γ ⇒ Δ,∼k(α∨jβ)
(∼k∨jright)

Γ ⇒ α
∼j∼kα,Γ ⇒ (∼j∼kleft)

α,Γ ⇒
Γ ⇒ ∼j∼kα

(∼j∼kright)

⇒ Γ, α

∼k∼jα ⇒ Γ
(∼k∼j left) α ⇒ Γ

⇒ Γ,∼k∼jα
(∼k∼jright).

Some remarks on BMLn may be instrumental.

1. (→jright) and (←j left) in BMLn have the single-succedent condition
and the single-antecedent condition, respectively. These rules are the
inference rules of the standard Gentzen-type sequent calculi for intu-
itionistic and dual-intuitionistic logics. The same conditions are also
imposed on (∼j→j left), (∼j←jright), (∼k→jright), (∼k←j left), as well
as (∼j∼kleft), (∼j∼kright), (∼k∼j left) and (∼k∼jright).

2. BMLn can be regarded as a bi-intuitionistic modification of the original
system GMLn introduced in [31] and of its slightly modified version MLn

introduced in [17]. Namely, BMLn is obtained from MLn by modifying
inference rules concerning ∼k∼j , and adding rules concerning →j and
←j .

3. BMLn is also a modified bi-intuitionistic version of the propositional
fragment of the classical first-order logic FMLn introduced in [17]. In-
deed, the propositional fragment of FMLn [17] is obtained from BMLn



1200 N. Kamide et al.

by deleting the single-succedent and -antecedent conditions in the log-
ical inference rules discussed above, and modifying the inference rules
concerning ∼k∼j .

4. BMLn can be seen as an extension of the Gentzen-type sequent calculus
BL introduced in [20] for bi-intuitionistic logic. BL is an extension of
Takeuti’s sequent calculus LJ′ presented in [35] for intuitionistic logic.

5. Since the cut-elimination theorem does not hold for BL [20], the cut-
elimination theorem also does not hold for BMLn.

6. The sequents of the form α ⇒ α for any formula α are provable in BMLn.
This fact can be shown by induction on α.

7. The following sequents are provable in BMLn:

(a) ∼j(α→jβ) ⇔ ∼jβ←j∼jα,
(b) ∼j(α←jβ) ⇔ ∼jβ→j∼jα,
(c) ∼k(α→jβ) ⇔ ∼kα→j∼kβ,
(d) ∼k(α←jβ) ⇔ ∼kα←j∼kβ,

thus elucidating the role of condition j 	= k in the rules for negated
implications and co-implications.

8. Some Gentzen-type sequent calculi that can prove the sequents ∼(α→β)
⇔ ∼β←∼α and ∼(α←β) ⇔ ∼β→∼α, analogous to the sequents
presented just above, were studied in [18,38].

9. The rules (∼j∼kleft), (∼j∼kright), (∼k∼j left) and (∼k∼jright) demon-
strate how the combinations of ∼j and ∼k can be used to model the
connectives of intuitionistic negation and dual-intuitionistic negation
(co-negation). In fact, the following sequents are easily derivable with
j < k:

(a) ∼j∼kα ⇔ α →k (α ←k α),
(b) ∼k∼jα ⇔ (α →k α) ←k α.

By way of illustration we present here the derivation of (a), the deriva-
tion of (b) being analogous:

α ⇒ α
α ⇒ α

α,∼j∼kα ⇒ (∼j∼kleft)
α,∼j∼kα ⇒ α ←k α (←kright)

∼j∼kα ⇒ α →k (α ←k α)
(→kright)

α ⇒ α
α ⇒ α

α ←k α ⇒ (←kleft)

α, α →k (α ←k α) ⇒ (→kleft)

α →k (α ←k α) ⇒ ∼j∼kα
(∼j∼kright)
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Now, for any k, α ←k α can be naturally interpreted as a falsum constant
(⊥k), and α →k α as a verum constant (�k). This means that ∼j∼k

and ∼k∼j (with j < k) indeed have the characteristic properties of
intuitionistic and dual-intuitionistic negations correspondingly. It is to
be noted that condition j < k plays here an important role, serving as
an effective technical device for distinguishing between intuitionistic and
dual-intuitionistic negations.

In [20] the Gentzen-type sequent calculus BL for bi-intuitionistic logic
is introduced as formulated below. Formulas of BL are constructed from
countably many propositional variables by the logical connectives ∧, ∨, →
and ←.

Definition 2.2. (BL) The initial sequents of BL are of the following form,
for any propositional variable p,

p ⇒ p.

The structural inference rules of BL are the same as those of BMLn.
The logical inference rules of BL are of the form:

Γ ⇒ Δ, α β,Σ ⇒ Π
α→β,Γ, Σ ⇒ Δ, Π

(→left)
α,Γ ⇒ β

Γ ⇒ α→β
(→right)

α ⇒ Δ, β

α←β ⇒ Δ
(←left)

Γ ⇒ Δ, α β,Σ ⇒ Π
Γ, Σ ⇒ Δ, Π, α←β

(←right)

α, β,Γ ⇒ Δ
α ∧ β,Γ ⇒ Δ

(∧left)
Γ ⇒ Δ, α Γ ⇒ Δ, β

Γ ⇒ Δ, α ∧ β
(∧right)

α,Γ ⇒ Δ β,Γ ⇒ Δ
α ∨ β,Γ ⇒ Δ

(∨left)
Γ ⇒ Δ, α, β

Γ ⇒ Δ, α ∨ β
(∨right).

Some remarks on BL may he helpful.

1. The sequents of the form α ⇒ α for any formula α are provable in BL.
This fact can be shown by induction on α.

2. The ←-free fragment of BL extended by the inference rules for intuition-
istic negation is equivalent to Takeuti’s sequent calculus LJ′ presented
in [35] for intuitionistic logic.

3. The cut-elimination theorem does not hold for BL, but holds for LJ′.

4. Intuitionistic negation (¬in) and co-negation (¬co) can be introduced
in BL through the constants � and ⊥, defined as p → p and p ← p
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correspondingly, where p is some fixed propositional variable. We have
then: ¬inα := α → ⊥, and ¬coα := � ← α.

5. The following inference rules are derivable in BL for ¬in and ¬co so
defined:

Γ ⇒ α
¬inα,Γ ⇒ (¬inleft)

α,Γ ⇒
Γ ⇒ ¬inα

(¬inright)

⇒ Γ, α

¬coα ⇒ Γ
(¬coleft)

α ⇒ Γ
⇒ Γ,¬coα

(¬coright).

Next, we introduce a Kripke semantics for BMLn.

Definition 2.3. A Kripke frame is a structure 〈M,≤〉 satisfying the follow-
ing conditions:

1. M is a nonempty set,

2. ≤ is a preorder (i.e., a reflexive and transitive binary relation) on M .

Definition 2.4. Let n (>1) be the positive integer determined by some n-
lattice, and j, k be any positive integers with j, k ≤ n and j 	= k (and j < k
in ∼j∼k and ∼k∼j). Let Φ be the set of propositional variables and Φ∼ be
the set {∼jp | p ∈ Φ and 0 ≤ j ≤ n} of negated propositional variables. A
paraconsistent valuation |=p on a Kripke frame 〈M, ≤〉 is a mapping from
the set Φ ∪ Φ∼ of literals (i.e., propositional variables and their negations)
to the power set 2M of M such that for any p ∈ Φ and any x, y ∈ M , if x ∈
|=p (p) and x ≤ y, then y ∈ |=p (p). We will write x |=p p for x ∈ |=p (p).
This paraconsistent valuation |=p is extended to a mapping from the set of
all formulas to 2M by:

1. x |=p α→jβ iff ∀y ∈ M [x ≤ y and y |=p α imply y |=p β],

2. x |=p α←jβ iff ∃y ∈ M [x ≥ y and y |=p α and y 	|=p β],

3. x |=p α∧jβ iff x |=p α and x |=p β,

4. x |=p α∨jβ iff x |=p α or x |=p β,

5. x |=p ∼j∼jα iff x |=p α,

6. x |=p ∼j(α→jβ) iff ∃y ∈ M [x ≥ y and y |=p ∼jβ and y 	|=p ∼jα],

7. x |=p ∼j(α←jβ) iff ∀y ∈ M [x ≤ y and y |=p ∼jβ imply y |=p ∼jα],

8. x |=p ∼j(α∧jβ) iff x |=p ∼jα or x |=p ∼jβ,

9. x |=p ∼j(α∨jβ) iff x |=p ∼jα and x |=p ∼jβ,

10. x |=p ∼k(α→jβ) iff ∀y ∈ M [x ≤ y and y |=p ∼kα imply y |=p ∼kβ],
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11. x |=p ∼k(α←jβ) iff ∃y ∈ M [x ≥ y and y |=p ∼kα and y 	|=p ∼kβ],

12. x |=p ∼k(α∧jβ) iff x |=p ∼kα and x |=p ∼kβ,

13. x |=p ∼k(α∨jβ) iff x |=p ∼kα or x |=p ∼kβ,

14. x |=p ∼j∼kα iff ∀y ∈ M [x ≤ y implies y 	|=p α],

15. x |=p ∼k∼jα iff ∃y ∈ M [x ≥ y and y 	|=p α].

The following hereditary condition holds for |=p: For any formula α and
any x, y ∈ M , if x |=p α and x ≤ y, then y |=p α.

Definition 2.5. A paraconsistent Kripke model is a structure 〈M, ≤, |=p〉
such that

1. 〈M,≤〉 is a Kripke frame,

2. |=p is a paraconsistent valuation on 〈M,≤〉.
A formula α is true in a paraconsistent Kripke model 〈M, ≤, |=p〉 iff x |=p α
for all x ∈ M . A formula α is BML-valid in a Kripke frame 〈M,≤〉 iff it is true
for all paraconsistent valuations |=p on the Kripke frame. A sequent Γ ⇒ Δ
is BML-valid in a Kripke frame 〈M,≤〉 (denoted by BMLn |= Γ ⇒ Δ) iff for
all paraconsistent valuations |=p on the Kripke frame, if γ is BML-valid for
all γ ∈ Γ, then δ is BML-valid for some δ ∈ Δ.

Next, we present a Kripke semantics for BL [28,29].

Definition 2.6. A valuation |= on a Kripke frame 〈M, ≤〉 is a mapping
from the set Φ of propositional variables to the power set 2M of M such
that for any p ∈ Φ and any x, y ∈ M , if x ∈ |= (p) and x ≤ y, then y ∈
|= (p). We will write x |= p for x ∈ |= (p). This valuation |= is extended to
a mapping from the set of all formulas to 2M by:

1. x |= α→β iff ∀y ∈ M [x ≤ y and y |= α imply y |= β],

2. x |= α←β iff ∃y ∈ M [x ≥ y and y |= α and y 	|= β],

3. x |= α ∧ β iff x |= α and x |= β,

4. x |= α ∨ β iff x |= α or x |= β,

The following hereditary condition holds for |=: For any formula α and
any x, y ∈ M , if x |= α and x ≤ y, then y |= α.

Definition 2.7. A Kripke model is a structure 〈M,≤, |=〉 such that

1. 〈M,≤〉 is a Kripke frame,

2. |= is a valuation on 〈M,≤〉.
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A formula α is true in a Kripke model 〈M,≤, |=〉 iff x |= α for all x ∈ M . A
formula α is BL-valid in a Kripke frame 〈M,≤〉 iff it is true for all valuations
|= on the Kripke frame. A sequent Γ ⇒ Δ is BL-valid in a Kripke frame
〈M,≤〉 (denoted by BL |= Γ ⇒ Δ) iff for all valuations |= on the Kripke
frame, if γ is BL-valid for all γ ∈ Γ, then δ is BL-valid for some δ ∈ Δ.

The following completeness theorem for bi-intuitionistic logic is known
[28,29]: For any finite sets Γ and Δ of formulas, BL � Γ ⇒ Δ iff BL |=
Γ ⇒ Δ.

3. Mutual Embeddings Between BMLn and BL, and the
Completeness Theorem

Firstly, we introduce a translation function f from the formulas of BMLn

into those of BL.

Definition 3.1. Let n (>1) be the positive integer determined by some n-
lattice, and j, k be any positive integers with j, k ≤ n and j 	= k. We fix a set
Φ of propositional variables and define for every j the sets Φj := {pj | p ∈ Φ}
of propositional variables. The language LBML of BMLn is defined using
Φ, ∧j ,∨j , →j , ←j and ∼j . The language LBL of BL is defined using Φ,
Φ1, . . . ,Φn, ∧, ∨, →, ←. (Moreover, ¬in and ¬co can be introduced by
definitions given in remark 4 on page 9.) A mapping f from LBML to LBL

is defined by:

1. For any p ∈ Φ, for any j ≤ n, f(p) := p and f(∼jp) := pj ∈ Φj ,

2. f(α→jβ) := f(α)→f(β),

3. f(α←jβ) := f(α)←f(β),

4. f(α∧jβ) := f(α) ∧ f(β),

5. f(α∨jβ) := f(α) ∨ f(β),

6. f(∼j∼jα) := f(α),

7. f(∼j(α→jβ)) := f(∼jβ)←f(∼jα),

8. f(∼j(α←jβ)) := f(∼jβ)→f(∼jα),

9. f(∼j(α∧jβ)) := f(∼jα) ∨ f(∼jβ),

10. f(∼j(α∨jβ)) := f(∼jα) ∧ f(∼jβ),

11. f(∼k(α→jβ)) := f(∼kα)→f(∼kβ),

12. f(∼k(α←jβ)) := f(∼kα)←f(∼kβ),

13. f(∼k(α∧jβ)) := f(∼kα) ∧ f(∼kβ),
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14. f(∼k(α∨jβ)) := f(∼kα) ∨ f(∼kβ),

15. f(∼j∼kα) := ¬inf(α), provided j < k,

16. f(∼k∼jα) := ¬cof(α), provided j < k.

An expression f(Γ) denotes the result of replacing every occurrence of a
formula α in Γ by an occurrence of f(α). Analogous notation is used for the
other mappings discussed later.

Some remarks are in place.

1. The translation function f is formally the same as the translation func-
tion introduced in [17] for classical multilattice logic.

2. A similar translation has been used by Gurevich [14], Rautenberg [30]
and Vorob’ev [36] to embed Nelson’s three-valued constructive logic [1,
24] into intuitionistic logic.

3. Some similar translations have also been used, for example, in [15,16]
to embed some paraconsistent logics into classical logic or intuitionistic
logic.

Next, we introduce a translation function g from the formulas of BL into
those of BMLn.

Definition 3.2. Let LBML and LBL be the languages defined in Definition
3.1.

A mapping g from LBL to LBML is defined by:

1. For any j ≤ n, any p ∈ Φ, and any pj ∈ Φj , g(p) := p and g(pj) := ∼jp;

2. g(α→β) := g(α)→jg(β), where j is a fixed positive integer, such that
j ≤ n;

3. g(α←β) := g(α)←jg(β), where j is a fixed positive integer, such that
j ≤ n;

4. g(α ∧ β) := g(α)∧jg(β), where j is a fixed positive integer, such that
j ≤ n;

5. g(α ∨ β) := g(α)∨jg(β), where j is a fixed positive integer, such that
j ≤ n.

Note that translations for ¬inα and ¬coα can be obtained from their
definitions as g(¬inα) := ∼j∼kg(α) and g(¬coα) := ∼k∼jg(α), where j and
k are two fixed positive integers, such that j, k ≤ n and j < k.

We can obtain the following syntactical embedding theorems in a similar
way as in [17].
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Theorem 3.3. (Syntactical embedding from BMLn into BL) Let Γ, Δ be
sets of formulas in LBML, and f be the mapping defined in Definition 3.1.
BMLn � Γ ⇒ Δ iff BL � f(Γ) ⇒ f(Δ).

Proof. • (=⇒): By induction on the proofs P of Γ ⇒ Δ in BMLn. We
show some cases.

1. Case (∼j→j left). The last inference of P is of the form:

∼jβ ⇒ Δ,∼jα

∼j(α→jβ) ⇒ Δ
(∼j→j left).

By induction hypothesis, we have BL � f(∼jβ) ⇒ f(Δ), f(∼jα). Then,
we obtain the required fact:

....
f(∼jβ) ⇒ f(Δ), f(∼jα)
f(∼jβ)←f(∼jα) ⇒ f(Δ)

(←left),

where f(∼jβ)←f(∼jα) coincides with f(∼j(α→jβ)) by the definition
of f .

2. Case (∼k→jright). The last inference of P is of the form:

∼kα,Γ ⇒ ∼kβ

Γ ⇒ ∼k(α→jβ)
(∼k→jright).

By induction hypothesis, we have BL � f(∼kα), f(Γ) ⇒ f(∼kβ). Then,
we obtain the required fact:

....
f(∼kα), f(Γ) ⇒ f(∼kβ)
f(Γ) ⇒ f(∼kα)→f(∼kβ)

(→right),

where f(∼kα)→f(∼kβ) coincides with f(∼k(α→jβ)) by the definition
of f .

3. Case (∼j←j left). The last inference of P is of the form:

Γ ⇒ Δ,∼jβ ∼jα,Σ ⇒ Π
∼j(α←jβ), Γ, Σ ⇒ Δ, Π

(∼j←j left)

By induction hypothesis, we have:

BL � f(Γ) ⇒ f(Δ), f(∼jβ) and BL � f(∼jα), f(Σ) ⇒ f(Π). Then, we
obtain the required fact:
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....
f(Γ) ⇒ f(Δ), f(∼jβ)

....
f(∼jα), f(Σ) ⇒ f(Π)

f(∼jα)→f(∼jβ), f(Γ), f(Σ) ⇒ f(Δ), f(Π)
(→left),

where f(∼jβ)→f(∼jα) coincides with ∼j(α←jβ) by the definition of f .

4. Case (∼k←jright). The last inference of P is of the form:

Γ ⇒ Δ,∼kα ∼kβ,Σ ⇒ Π
Γ, Σ ⇒ Δ, Π,∼k(α←jβ)

(∼k←jright)

By induction hypothesis, we have:
BL � f(Γ) ⇒ f(Δ), f(∼kα) and f(∼kβ), f(Σ) ⇒ f(Π). Then, we obtain
the required fact:

....
f(Γ) ⇒ f(Δ), f(∼kα))

....
f(∼kβ), f(Σ) ⇒ f(Π)

f(Γ), f(Σ) ⇒ f(Δ), f(Π), f(∼kα)←f(∼kβ)
(←right),

where f(∼kα)←f(∼kβ) coincides with ∼k(α←jβ) by the definition of f .

• (⇐=): By induction on the proofs Q of f(Γ) ⇒ f(Δ) in BL.

1. Case (cut). The last inference of Q is of the form:
f(Γ) ⇒ f(Δ), β β, f(Σ) ⇒ f(Π)

f(Γ), f(Σ) ⇒ f(Δ), f(Π)
(cut).

In this case, β is a formula of BL. We then have the fact γ = f(γ) for
any formula γ in BL. This can be shown by induction on γ. Thus, Q is
of the form:

f(Γ) ⇒ f(Δ), f(β) f(β), f(Σ) ⇒ f(Π)
f(Γ), f(Σ) ⇒ f(Δ), f(Π)

(cut).

By induction hypothesis, we have BMLn � Γ ⇒ Δ, β and BMLn � β,Σ
⇒ Π. Then, we obtain the required fact:

....
Γ ⇒ Δ, β

....
β,Σ ⇒ Π

Γ, Σ ⇒ Δ, Π
(cut).

2. Case (←left). The last inference of Q is of the form:

f(α) ⇒ f(Δ), f(β)
f(α←jβ) ⇒ f(Δ)

(←left),
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where f(α←jβ) coincides with f(α)←f(β)) by the definition of f . By
induction hypothesis we have BMLn � α ⇒ Δ, β. Then, we obtain the
required fact: ....

α ⇒ Δ, β

α←jβ ⇒ Δ
(←j left).

By an analogous induction procedure we get also the following theorem:

Theorem 3.4. (Syntactical embedding from BL into BMLn) Let Γ, Δ be
sets of formulas in LBL, and g be the mapping defined in Definition 3.2.

BL � Γ ⇒ Δ iff BMLn � g(Γ) ⇒ g(Δ).

Next, we show the semantical embedding theorem of BMLn into BL.

Lemma 3.5. Let f be the mapping defined in Definition 3.1. For any paracon-
sistent Kripke model 〈M,≤, |=p〉, we can construct a Kripke model 〈M, ≤, |=〉
such that for any formula α and any x ∈ M ,

x |=p α iff x |= f(α).

Proof. Let Φ be a set of propositional variables, and for every positive
integer j ≤ n let Φj be the set {pj | p ∈ Φ} of propositional variables. Let Φ∼

be the set {∼jp | p ∈ Φ and 0 ≤ j ≤ n} of negated propositional variables.
Suppose that 〈M,≤, |=p〉 is a paraconsistent Kripke model where |=p is a
mapping from Φ ∪ Φ∼ to the power set 2M of M , and that the hereditary
condition with respect to p ∈ Φ ∪ Φ∼ holds for |=p. Suppose that 〈M, ≤, |=〉
is a Kripke model where |= is a mapping from Φ ∪ ⋃

1≤j≤n Φj to 2M , and
that the hereditary condition with respect to p ∈ Φ ∪ ⋃

1≤j≤n Φj holds for
|=. Suppose, moreover, that these models satisfy the following conditions:
For any x ∈ M and any p ∈ Φ,

1. x |=p p iff x |= p,

2. x |=p ∼jp iff x |= pj .

Then, the lemma is proved by induction on α.
• Base step:

1. Case α ≡ p where p is a propositional variable: x |=p p iff x |= p (by the
assumption) iff x |= f(p) (by the definition of f).

2. Case α ≡ ∼jp where p is a propositional variable: x |=p ∼jp iff x |= pj

(by the assumption) iff x |= f(∼jp) (by the definition of f).
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• Induction step: We show some cases.

1. Case α ≡ β→jγ: We obtain: x |=p β→jγ iff ∀y ∈ M [x ≤ y and y |=p β
imply y |=p γ] iff ∀y ∈ M [x ≤ y and y |= f(β) imply y |= f(γ)]
(by induction hypothesis) iff x |= f(β)→f(γ) iff x |= f(β→jγ) (by the
definition of f).

2. Case α ≡ β←jγ: We obtain: x |=p β←jγ iff ∃y ∈ M [y ≤ x and y |=p β
and y 	|=p γ] iff ∃y ∈ M [y ≤ x and y |= f(β) and y 	|= f(γ)] (by induction
hypothesis) iff x |= f(β)←f(γ) iff x |= f(β←jγ) (by the definition of
f).

3. Case α ≡ β∧jγ: We obtain: x |=p β∧jγ iff x |=p β and x |=p γ iff
x |= f(β) and x |= f(γ) (by induction hypothesis) iff x |= f(β) ∧ f(γ)
iff x |= f(β∧jγ) (by the definition of f).

4. Case α ≡ ∼j∼jβ: We obtain: x |=p ∼j∼jβ iff x |=p β iff x |= f(β) (by
induction hypothesis) iff x |= f(∼j∼jβ) (by the definition of f).

5. Case α ≡ ∼j(β→jγ): We obtain: x |=p ∼j(β→jγ) iff ∃y ∈ M [y ≤ x
and y |=p ∼jγ and y 	|=p ∼jβ] iff ∃y ∈ M [y ≤ x and y |= f(∼jγ)
and y 	|= f(∼jβ)] (by induction hypothesis) iff x |= f(∼jγ)←f(∼jβ) iff
x |= f(∼j(β→jγ)) (by the definition of f).

6. Case α ≡ ∼j(β←jγ): We obtain: x |=p ∼j(β←jγ) iff ∀y ∈ M [x ≤ y
and y |=p ∼jγ imply y |=p ∼jβ] iff ∀y ∈ M [x ≤ y and y |= f(∼jγ)
imply y |= f(∼jβ)] (by induction hypothesis) iff x |= f(∼jγ)→f(∼jβ)
iff x |= f(∼j(β←jγ)) (by the definition of f).

7. Case α ≡ ∼j(β∧jγ): We obtain: x |=p ∼j(β∧jγ) iff x |=p ∼jβ or x |=p

∼jγ iff x |= f(∼jβ) or x |= f(∼jγ) (by induction hypothesis) iff x |=
f(∼jβ) ∨ f(∼jγ) iff x |= f(∼j(β∧jγ)) (by the definition of f).

8. Case α ≡ ∼k(β→jγ): We obtain: x |=p ∼k(β→jγ) iff ∀y ∈ M [x ≤ y
and y |=p ∼kβ imply y |=p ∼kγ] iff ∀y ∈ M [x ≤ y and y |= f(∼kβ)
imply y |= f(∼kγ)] (by induction hypothesis) iff x |= f(∼kβ)→f(∼kγ)
iff x |= f(∼k(β→jγ)) (by the definition of f).

9. Case α ≡ ∼k(β←jγ): We obtain: x |=p ∼k(β←jγ) iff ∃y ∈ M [y ≤ x
and y |=p ∼kβ and y 	|=p ∼kγ)] iff ∃y ∈ M [y ≤ x and y |= f(∼kβ)
and y 	|= f(∼kγ)] (by induction hypothesis) iff x |= f(∼kβ)←f(∼kγ) iff
x |= f(∼k(β←jγ)) (by the definition of f).

10. Case α ≡ ∼k(β∧jγ): We obtain: x |=p ∼k(β∧jγ) iff x |=p ∼kβ and
x |=p ∼kγ iff x |= f(∼kβ) and x |= f(∼kγ) (by induction hypothesis) iff
x |= f(∼kβ) ∧ f(∼kγ) iff x |= f(∼k(β∧jγ)) (by the definition of f).
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11. Case α ≡ ∼j∼kβ, where j < k: We obtain: x |=p ∼j∼kβ iff ∀y ∈ M
[x ≤ y implies (y 	|=p β)] iff ∀y ∈ M [x ≤ y implies (y 	|= f(β))]
(by induction hypothesis) iff x |= ¬inf(β) iff x |= f(∼j∼kβ) (by the
definition of f).

12. Case α ≡ ∼k∼jβ, where j < k: We obtain: x |=p ∼k∼jβ iff ∃y ∈ M
[x ≥ y and y 	|=p β] iff ∃y ∈ M [x ≥ y and (y 	|= f(β))] (by induction
hypothesis) iff x |= ¬cof(β) iff x |= f(∼k∼jβ) (by the definition of f).

Lemma 3.6. Let f be the mapping defined in Definition 3.1. For any Kripke
model 〈M,≤, |=〉, we can construct a paraconsistent Kripke model
〈M, ≤, |=p〉 such that for any formula α and any x ∈ M , x |= f(α) iff x
|=p α.

Proof. Similar to the proof of Lemma 3.5.

Theorem 3.7. (Semantical embedding from BMLn into BL) Let Γ and Δ
be sets of formulas in LBML, and f be the mapping defined in Definition 3.1.
BMLn |= Γ ⇒ Δ iff BL |= f(Γ) ⇒ f(Δ).

Proof. (=⇒): Assume that if x |=p α for every α ∈ Γ, then x |=p β for
some β ∈ Δ. Let x |= f(α) for every f(α) ∈ f(Γ). By Lemma 3.6, we can
construct a paraconsistent valuation |=p, such that x |=p α for any α ∈ Γ.
Thus, x |=p β for some β ∈ Δ, and by Lemma 3.5, x |= f(β) for some
f(β) ∈ f(Δ). (⇐=): Similarly.

Next, we show the semantical embedding theorem of BL into BMLn.

Lemma 3.8. Let g be the mapping defined in Definition 3.2. For any Kripke
model 〈M,≤, |=〉, we can construct a paraconsistent Kripke model 〈M,≤, |=p

〉 such that for any formula α and any x ∈ M , x |= α iff x |=p g(α).

Proof. Let Φ be a set of propositional variables, and for every positive
integer j ≤ n let Φj be the set {pj | p ∈ Φ} of propositional variables. Let Φ∼

be the set {∼jp | p ∈ Φ and 0 ≤ j ≤ n} of negated propositional variables.
Suppose that 〈M,≤, |=p〉 is a paraconsistent Kripke model where |=p is a
mapping from Φ ∪ Φ∼ to the power set 2M of M , and that the hereditary
condition with respect to p ∈ Φ ∪ Φ∼ holds for |=p. Suppose that 〈M, ≤, |=〉
is a Kripke model where |= is a mapping from Φ ∪ ⋃

1≤j≤n Φj to 2M , and
that the hereditary condition with respect to p ∈ Φ ∪ ⋃

1≤j≤n Φj holds for
|=. Suppose moreover that these models satisfy the following conditions: For
any x ∈ M and any p ∈ Φ,
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1. x |=p p iff x |= p,

2. x |=p ∼jp iff x |= pj .

Then, this lemma is proved by induction on α.
• Base step:

1. Case α ≡ p where p is a propositional variable. x |= p iff x |=p p (by the
assumption) iff x |=p g(p) (by the definition of g).

2. Case α ≡ pj where pj is a propositional variable. x |= pj iff x |=p ∼jp
(by the assumption) iff x |=p g(pj) (by the definition of g).

• Induction step: We show some cases.

1. Case α ≡ β→γ. We obtain: x |= β→γ iff ∀y ∈ M [x ≤ y and y |= β
imply y |= γ] iff ∀y ∈ M [x ≤ y and y |=p g(β) imply y |=p g(γ)]
(by induction hypothesis) iff x |=p g(β)→jg(γ) iff x |= g(β→γ) (by the
definition of g).

2. Case α ≡ β ∧ γ. We obtain: x |= β ∧ γ iff x |= β and x |= γ iff x |=p g(β)
and x |=p g(γ) (by induction hypothesis) iff x |=p g(β)∧jg(γ) iff x |=p

g(β ∧ γ) (by the definition of g).

3. Case α ≡ β←γ. We obtain: x |= β←γ iff ∃y ∈ M [x ≥ y and y |= β and
y 	|= γ] iff ∃y ∈ M [x ≥ y and y |=p g(β) and y 	|=p g(γ)] (by induction
hypothesis) iff x |=p g(β)←jg(γ) iff x |= g(β←γ) (by the definition of
g).

Lemma 3.9. Let g be the mapping defined in Definition 3.2. For any paracon-
sistent Kripke model 〈M,≤, |=p〉, we can construct a Kripke model 〈M, ≤, |=〉
such that for any formula α and any x ∈ M , x |=p g(α) iff x |= α.

Proof. Similar to the proof of Lemma 3.8.

Theorem 3.10. (Semantical embedding from BL into BMLn) Let Γ and Δ
be finite sets of formulas in LBL, and g be the mapping defined in Definition
3.2. BL |= Γ ⇒ Δ iff BMLn |= g(Γ) ⇒ g(Δ).

Proof. By Lemmas 3.8 and 3.9.

By using Theorems 3.7 and 3.3, we can obtain the following completeness
theorem for BMLn.

Theorem 3.11. (Completeness for BMLn) For any finite sets Γ and Δ of
formulas, BMLn � Γ ⇒ Δ iff BMLn |= Γ ⇒ Δ.
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Proof. We have the following. BMLn |= Γ ⇒ Δ iff BL |= f(Γ) ⇒ f(Δ) (by
Theorem 3.7) iff BL � f(Γ) ⇒ f(Δ) (by the completeness theorem for BL)
iff BMLn � Γ ⇒ Δ (by Theorem 3.3).

4. A Connexive Variant of Bi-intuitionistic Multilattice Logic

The language of bi-intuitionistic connexive n-lattice logic is the same as that
of bi-intuitionistic n-lattice logic.

The Gentzen-type sequent calculus CMLn for bi-intuitionistic connexive
n-lattice logic is defined as follows.

Definition 4.1 (CMLn). Let n (>1) be the positive integer determined by
some n-lattice, and j, k be any positive integers with j, k ≤ n and j 	= k.

CMLn is obtained from BMLn by replacing the logical inference rules
(∼j→j left), (∼j→jright), (∼j←j left) and (∼j←jright) with the logical in-
ference rules of the form:

Γ ⇒ Δ, α ∼jβ,Σ ⇒ Π
∼j(α→jβ), Γ, Σ ⇒ Δ, Π

(∼j→j leftc)
α,Γ ⇒ ∼jβ

Γ ⇒ ∼j(α→jβ)
(∼j→jrightc)

∼jα ⇒ Δ, β

∼j(α←jβ) ⇒ Δ
(∼j←j leftc)

Γ ⇒ Δ,∼jα β,Σ ⇒ Π
Γ, Σ ⇒ Δ, Π,∼j(α←jβ)

(∼j←jrightc).

Some remarks may be helpful.

1. CMLn can be regarded as a modified multilattice logic version of the
Gentzen-type sequent calculus BCL for the bi-intuitionistic connexive
logic (also called connexive Heyting–Brouwer logic) introduced in [20].

2. Since the cut-elimination theorem does not hold for BCL and BL [20],
the cut-elimination theorem also does not hold for CMLn.

3. The sequents of the form α ⇒ α for any formula α are provable in CMLn.
This fact can be shown by induction on α.

4. The following sequents are provable in CMLn:

(a) ∼j(α→jβ) ⇔ α→j∼jβ,
(b) ∼j(α←jβ) ⇔ ∼jα←jβ,

which indicates the main difference between BMLn and CMLn.

5. The system BCL introduced in [20] can prove the following sequents,
which are similar to the sequents presented just above, and the first ones
just correspond to an axiom scheme that is characteristic of connexive
logics [4,23,37,40]:
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(a) ∼(α→β) ⇔ α→∼β,
(b) ∼(α←β) ⇔ ∼α←β.

Next, we introduce a Kripke semantics for CMLn.

Definition 4.2. Let n (>1) be the positive integer determined by some
n-lattice, and j, k be any positive integers with j, k ≤ n and j 	= k. A
connexive valuation |=c on a Kripke frame 〈M, ≤〉 is a mapping from the
set Φ of literals to the power set 2M of M such that for any p ∈ Φ and any
x, y ∈ M , if x ∈ |=c (p) and x ≤ y, then y ∈ |=c (p). We will write x |=c

p for x ∈ |=c (p). This connexive valuation |=c is extended to a mapping
from the set of all formulas to 2M . This extension is obtained from the same
conditions of the paraconsistent valuation |=p by replacing the conditions:

1. x |=p ∼j(α→jβ) iff ∃y ∈ M [x ≥ y and y |=p ∼jβ and y 	|=p ∼jα],

2. x |=p ∼j(α←jβ) iff ∀y ∈ M [x ≤ y and y |=p ∼jβ imply y |=p ∼jα],

with the following conditions:

1. x |=c ∼j(α→jβ) iff ∀y ∈ M [x ≤ y and y |=c α imply y |=c ∼jβ],

2. x |=c ∼j(α←jβ) iff ∃y ∈ M [x ≥ y and y |=c ∼jα and y 	|=c β].

The hereditary condition holds for |=c. The notion of a connexive Kripke
model and the CML-validity of a sequent Γ ⇒ Δ (denoted by CMLn |=
Γ ⇒ Δ) can be defined in a similar way as for BMLn.

We introduce a translation function h from the formulas of CMLn into
those of BL.

Definition 4.3. Let n (>1) be the positive integer determined by some
n-lattice, and j, k be any positive integers with j, k ≤ n and j 	= k. The
language LCML of CMLn is the same as LBML, and the language LBL of BL
is defined in Definition 3.1.

A mapping h from LCML to LBL is obtained from the clauses for f in
Definition 3.1 by replacing the conditions:

1. f(∼j(α→jβ)) := f(∼jβ)←f(∼jα),

2. f(∼j(α←jβ)) := f(∼jβ)→f(∼jα),

with the following conditions:

1. h(∼j(α→jβ)) := h(α)→h(∼jβ),

2. h(∼j(α←jβ)) := h(∼jα)←h(β).
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Definition 4.4. Let LCML and LBL be the languages defined in Definition
4.3. A mapping k from LBL to LCML is defined by the same conditions as
those of g defined in Definition 3.2.

We can obtain the following syntactical embedding theorems in a similar
way as for BMLn.

Theorem 4.5. (Syntactical embedding from CMLn into BL) Let Γ, Δ be
sets of formulas in LCML, and h be the mapping defined in Definition 4.3.
CMLn � Γ ⇒ Δ iff BL � h(Γ) ⇒ h(Δ).

Proof. We show only some cases for the direction (=⇒) by induction on
the proofs P of Γ ⇒ Δ in CMLn.

1. Case (∼j→jrightc): The last inference of P is of the form:

α,Γ ⇒ ∼jβ

Γ ⇒ ∼j(α→jβ)
(∼j→jrightc).

By induction hypothesis, we have BL � h(α), h(Γ) ⇒ h(∼jβ). Then, we
obtain the required fact:

....
h(α), h(Γ) ⇒ h(∼jβ)
h(Γ) ⇒ h(α)→h(∼jβ)

(→right)

where h(α)→h(∼jβ) coincides with h(∼j(α→jβ)) by the definition of h.

2. Case (∼j←j leftc): The last inference of P is of the form:

∼jα ⇒ Δ, β

∼j(α←jβ) ⇒ Δ
(∼j←j leftc).

By induction hypothesis, we have BL � h(∼jα) ⇒ h(Δ), h(β). Then, we
obtain the required fact:

....
h(∼jα) ⇒ f(Δ), h(β)
h(∼jα)←h(β) ⇒ h(Δ)

(←left)

where h(∼jα)←h(β) coincides with h(∼j(α←jβ)) by the definition
of h.

Theorem 4.6. (Syntactical embedding from BL into CMLn) Let Γ, Δ be
sets of formulas in LBL, and k be the mapping defined in Definition 4.4. BL
� Γ ⇒ Δ iff CMLn � k(Γ) ⇒ k(Δ).

Next, we show the semantical embedding theorem of CMLn into BL.
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Lemma 4.7. Let h be the mapping defined in Definition 4.3. For any connex-
ive Kripke model 〈M,≤, |=c〉, we can construct a Kripke model 〈M, ≤, |=〉
such that for any formula α and any x ∈ M , x |=c α iff x |= h(α).

Proof. Similar to the proof of Lemma 3.5. Thus, we only illustrate the
following cases of the induction step.

1. Case α ≡ ∼j(β→jγ): We obtain: x |=c ∼j(β→jγ) iff ∀y ∈ M [x ≤ y
and y |=c β imply y |=c ∼jγ] iff ∀y ∈ M [x ≤ y and y |= h(β) imply
y |= h(∼jγ)] (by induction hypothesis) iff x |= h(β)→h(∼jγ) iff x |=
h(∼j(β→jγ)) (by the definition of h).

2. Case α ≡ ∼j(β←jγ): We obtain: x |=c ∼j(β←jγ) iff ∃y ∈ M [y ≤ x and
y |=c ∼jβ and y 	|=c γ] iff ∃y ∈ M [y ≤ x and y |= h(∼jβ) and y 	|= h(γ)]
(by induction hypothesis) iff x |= h(∼jβ)←h(γ) iff x |= h(∼j(β←jγ))
(by the definition of h).

Lemma 4.8. Let h be the mapping defined in Definition 4.3. For any Kripke
model 〈M,≤, |=〉, we can construct a connexive Kripke model 〈M, ≤, |=c〉
such that for any formula α and any x ∈ M , x |= h(α) iff x |=c α.

Proof. Similar to the proof of Lemma 4.7.

Theorem 4.9. (Semantical embedding from CMLn into BL) Let Γ and Δ
be sets of formulas in LCML, and h be the mapping defined in Definition 4.3.
CMLn |= Γ ⇒ Δ iff BL |= h(Γ) ⇒ h(Δ).

Proof. Similar to the proof of Theorem 3.7. We use Lemmas 4.7 and 4.8.

We can also show the semantical embedding theorem of BL into CMLn.

Theorem 4.10. (Semantical embedding from BL into CMLn) Let Γ and Δ
be sets of formulas in LBL, and k be the mapping defined in Definition 4.4.
BL |= Γ ⇒ Δ iff CMLn |= k(Γ) ⇒ k(Δ).

Proof. Similar to Theorem 3.10.

By using Theorems 4.5 and 4.9, we can obtain the following completeness
theorem for CMLn.

Theorem 4.11. (Completeness for CMLn) For any finite sets Γ and Δ of
formulas, CMLn � Γ ⇒ Δ iff CMLn |= Γ ⇒ Δ.
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5. Conclusion

It has often been emphasized that Belnap and Dunn’s useful four-valued
logic FDE is a convincingly motivated basic paracomplete and paraconsistent
system of relevance logic. Various ways of extending FDE by an implication
connective have been explored, notably there is the distinction between weak
and strong implication in the logic of logical bilattices [6]. A rather natural
extension of FDE is obtained by adding intuitionistic implication, as is done
in Nelson’s constructive four-valued logic N4, [1,19]. Once this extension
has been implemented, the addition of a dual to intuitionistic implication
is another natural move; whilst a connexive variant offers an alternative
understanding of negated implications and co-implications. Eventually, in
light of the theory of generalized truth values and multi-lattices [34] the
definition of multi-consequence systems gives rise to a combination BMLn

of several first-degree entailment systems within a single formalism. Appli-
cations of such systems comprising several consequence relations associated
with truth, falsity, information, constructivity, and possibly other notions
are still to be explored.
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